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The dynamic spin and charge correlation functions are computed for the one-dimensional -7 model
with use of world-line quantum Monte Carlo and the maximum-entropy method. By comparing our re-
sults with exactly known limits, we are able to discern the power and limitations of this method. The
spin excitation spectrum shows gapless spin excitations for ¢ =2k, when J <2t and for ¢=mu when
J >3.25t where phase separation occurs. Also, intermediate values of J/t show no spin gap for the
large electron filling (py=0.75) considered here. For J <2¢, the charge correlations are dominated at
high frequencies by excitations which are related to the particle-hole excitations found for /=0, but a
low-frequency mode appears at finite values of J, which is likely related to the binding of electron pairs.

I. INTRODUCTION

The ¢-J model described in one dimension by

H=—t3 P(ciTaci+l,a+ciT+l,a'ci,a)P

i,o
+JES,~'S,-+1—'n,~n,~+1/4, (1)
i

where P projects out states containing doubly occupied
sites, has been of considerable interest since Anderson!
and Zhang and Rice? suggested that the two-dimensional
t-J model may be for describing the low-energy electronic
properties of high-T, superconductors. The one-
dimensional #-J model is also of interest for describing
strong correlations in one-dimensional conductors. For

one dimension exact Bethe-ansatz results have been
found for J <<t (Ref. 3) and J=2z.* However, the com-
plexity of the Bethe ansatz wave functions prevent many
quantities of interest, such as the dynamic spin and
charge susceptibilities, from being obtained. Thus nu-
merical studies for all finite values of J /¢ are of interest.
In this paper we report results for the spin and charge
spectra obtained with the world-line Monte Carlo® and
maximum-entropy methods.® The combination of these
methods, which is most accurate at low frequencies, has
been shown to describe the qualitative difference between
the excitation spectra of S =1 and S =1 antiferromagnet-
ic Heisenberg chains and provides a quantitatively accu-
rate vaue for the Haldane gap for $=1.7 With this tech-
nique we obtain approximate, but nonperturbative, re-
sults for the dynamic spin and charge structure factors
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which are related to the corresponding dynamic suscepti-
bilities by
x"'(q,0)=(1—e P)S(q,w) . 4)

The dynamic structure factors describe many low-ly;ing
excitations. S,(g,w) probes excitations where the total
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spin changes by at most one unit, for example, spin waves
in an ordered magnetic system. S,,{(q,w) probes excita-
tions with changes in the charge degrees of freedom, for
example, particle-hole excitations or plasmons in a
Coulomb gas. Two features that appear in these results
for the dynamic structure factors of the one-dimensional
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t-J model are a sharp charge excitation when J/t be-
comes finite and zero-frequency spin excitations for all
values of J/t at the large electron filling p, considered
here.

Before describing these and other results we briefly re-
view previous work relating to the dynamics of the one-
dimensional z-J model. Exact and numerical results sug-
gest that the spin and charge correlation functions are
Hubbard-like when J =2¢. For the Bethe-ansatz soluble
U7 >0 Hubbard model, the asymptotic properties of the
equal-time correlation functions suggest gapless spin exci-
tations are found with momentum 2k, =mp, and gapless
charge excitations with momenta 2k and 4kz.® Because
the U >>t Hubbard model is equivalent to the ¢-J model
for J <<t these properties are expected to be found for
the ¢-J model when J <<¢. the J =2t Bethe-ansatz solu-
tion shares these same features suggesting similar behav-
ior for all J <2¢. Monte Carlo simulations,® variational
theory,!® and finite-size scaling!’ suggest that indeed
there are no qualitative changes in the static properties of
the ¢-J model as a function of J /¢ for J <2¢.

Few exact results are available for J > 2¢. Monte Carlo
results due to Imada!? and Assaad and Wiirtz® and varia-
tional results due to Hellberg and Mele!® suggest phase
separation of electrons and holes for J/t>(J/t), with
(J/t), dependent on electron density with (J/t),~3.25
for po=0.75, the density considered in this paper. In a
completely phase-separated state, spin correlations are
Heisenberg-like with zero frequency excitations at
momentum g=u. For 2<J/t<(J/t), Assaad and
Wiirtz find that the equal-time spin correlation function
suggests dimer-liquid behavior where bound singlet pairs
of spins interact weakly with other pairs. S, (g,®) for
immobile nearest-neighbor singlet dimer pairs is given by

Sdimer(g ) ~(1—cosq)8(w—J) , (5)

where the factor (1 —cosq) describes the spin density of a
singlet pair and w=J, the singlet-to-triplet excitation en-
ergy, is the only excitation energy observed with
S,;(g,®), which only probes triplet excited staes (if the
ground state is a singlet). Dispersion about the singlet
bond breaking energy «=J results from interdimer cou-
pling and fluctuations in intradimer binding due to hop-
ping. Finite-size scaling!! and variational theory'? sug-
gest that the dispersion extends to zero frequency for
large electron filling even for intermediate values of J /¢.

II. METHOD

World-line quantum Monte Carlo simulations® are
used to stochastically evaluate the imaginary-time corre-
lation functions

5
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3411

at a finite set (~50) of evenly spaced T values between O
and /2. The averages indicated on the right-hand sides
of Eqs. (6) and (7) are taken over ~ 10* configurations of
the ~ 10® generated by the world-line Monte Carlo simu-
lation. The statistical errors due to finite Monte Carlo
sampling are obtained from the covariance matrix.

C(r,7)=[S(g,7)—S(g,7)][S(g,7)—S(g,7)], (8

which describes the fluctuation of configuration values
for S(q,r) about their Monte Carlo average S(q,7). In
practice there is a strong correlation between fluctuations
at different times 7 and 7’ and so nondiagonal elements of
the covariance matrix are retained. The eigenvalues of
C(7,7'),A;, describe the error bars o; of statistically in-
dependent quantities, S;(¢), which are linear combina-
tions of S(q,7) at different values of 7. Explicitly

where N is the number of binned sets of data which are
used in averaging. To test our Monte Carlo algorithm we
have compared results from 12-site low-temperature
simulations with results of exact diagonalization and find
the Monte Carlo results for equal-time correlation func-
tions fall within the error bars of the exact values.

The imaginary-time correlation functions are related to
the dynamic structure factors by

=L ®  —er —Bw
Stg=5 - [ TeT(1+eS(g,0Mdw ,  (10)

or, in terms of the quantities S;(q),
Sitg)= [ "iln)S(g,w)do, (11)

where (i{7), is the scalar product of the ith eigenvector
of the covariance matrix and the set of kernels
e “(1+eP?)/(2m) for the discrete set of 7 values at
which S(q,7) is evaluated.

The extraction of S{q,®) from Eq. (11) is ill-posed for
two reasons: (i} there exists an infinite set of functions
S(q,w) that satisfy Eq. (11) for the discrete set S;{(q), and
(ii) the S;(g) values are only known to within error bars
o;. The maximum-entropy method provides a technique
for producing approximate results®!> with the biasing
necessary to produce a unique result being toward a
predefined “default model” m(g,w). To determine a
unique approximate result that takes into account sto-
chastic errors, the entropy functional is defined as

I[§(q,w)]=*—f0w§(q,a))1n[5"(q,w)/m(q,w)]
—S(g,w)do , (12)
and

R S [T/ 8 0)e)?
V18(g,0)]= 3 I, - - a3)

is the measure of how close the trial function S(g,w)
comes to reproducing the Monte Carlo results relative to
the error bars. The trial function S(g,») which maxim-
izes the functional
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I—ay? (14)

is chosen as the approximate result for S(q,»). The
Lagrange multiplier a determines the relative weight
given each term in Eq. (14). A large value of « favors a
result which produces a close fit to the Monte Carlo re-
sults, and a small value of a favors a result similar to the
“default model” m(q,w) as the maximum of I[S(q,®)]
occurs for S(¢,0)=m(q,w). While it is not possible to
determine a “‘correct” value of a, it is desirable that the
choice for « allows for a good fit to the data, but without
overfitting such that spurious, noise-induced features are
produced. In this work « is chosen by maximizing a
probability distribution as is described by Gubernatis
et al.'* When a is chosen this way Y2 typically has a
vaue of N —N_/2, where N_ is the number of data
points. Thus, this procedure is essentially equivalent to
fitting the Monte Carlo data to within an error bar on
average, while staying as close to the default model
m(q,) as possible using information theory to quantify
the difference between S(q,w) and m(q,®).

This dynamical method is most accurate for low fre-
quencies. Equation (10) shows that a feature which is
found at a large frequency is quickly suppressed in imagi-
nary time by the factor e ~®". For sufficiently large 7
values a high-frequency feature contributes so little to
S(q,7) that its contribution is swamped by sampling er-
rors. For lower-frequency features, larger values of r still
contain statistically significant weight, so more data
points contain statistically significant information.

III. RESULTS FOR §,,,(q,®)

The interpretation of our results for S,,(¢,®) are aided
by exact results for J=0. In the thermodynamic limit,
the charge dynamics for /=0 can be described by spin-
less noninteracting fermions with the Hamiltonian

H=—t zcifci+1+ci+lcif
i
=Eekc,fck, g, =—2t cosk . (15)
k

Thus, in one dimension the #-J model with J=0 or the
U /t— « Hubbard model with density p, have the same
charge dynamics at the U/t—0 Hubbard model with
density 2p,.

The analytic result for S,,(q,») for J /t =0 is given by

Sun(4:0) =1 3 e )1 f (e )]
k

X8(w—(gg1,—€;)) (g70) . (16)

This functional form describes “particle-hole’ excitations
where a fermion is removed from a state with momentum
k and placed in an empty state with momentum k +g.
Figure 1 depicts this process for ¢ =#. Two excitations
that contribute to S,,(g =, @) are explicitly noted and
demonstrate that S,,(g =, ®) spans a broad range of
frequency. Unlike higher dimensions, one-dimensional
particle-hole excitations extend to zero frequency for only
two values of momentum g =32mwp,; (mod 27).
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FIG. 1. One-electron states for noninteracting spinless fer-
mions with density p,=0.75/site. In the thermodynamic limit
the ¢-J model with J =0 is equivalent to a gas of noninteracting
spinless fermions. For spinless fermions the excitations de-
scribed by S,,(g,®) correspond to removing a fermion from a
state with momentum k and placing it in an empty state with
momentum k +¢ (mod 27), where » equal the change in energy.
Two excitations which contribute for ¢ =1 are explicitly shown.

The spinless fermion result for S,,(q =7, w) for a 64-
site system is shown in Fig. 2. The 8 functions have been
broadened by 0.02¢. Due to the finite size of the system
the spectrum is discrete. The greatest weight is found
near w=4t due to the large density of states near
g, =—2t and 2f where the bands are flat in Fig. 1. In the
thermodynamic limit at T'=0, the @ =4t peak becomes a
Van Hove singularity diverging as (4t —w)” /2.1 Also,
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FIG. 2. S,,{g=1, ®) for spinless fermions with 64 sites. The
b function peaks have been broadened by 0.02¢. The strongest
contribution comes from the range w=2.8¢ to 4.0t as depicted
in Fig. 1. The spectrum is discrete due to the finite size of the
system. In the thermodynamic limit the cutoff =4t is singular
from below at T=0. Although the z-J model with J=0 is not
strictly equivalent to spinless fermions for 64 sites, the overall
structure of the spectrum is the same with shifts of the & func-
tions of order ¢ /64.
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=4t corresponds to a temperature-independent cutoff in
the spectrum; thus the spectrum is very asymmetric.

Figure 3 shows the Monte Carlo S,,(g=1, 7) results
that are used in producing an approximate result for
S, (g =, ®). The data is normalized by

> <Cg,a¢'1,o +C{,aco,a>=<(cgcl +CICO)>

o

as suggested by the f-sum rule
1 pe -
;fo (1—e P)wS,,(q,0)do

=t(1—cosq){(cle; +cleg)) . am

The exact spinless fermion result and the J =0 results are
equivalent, demonstrating the smallness of finite-size
effects for 64 sites where periodic boundary conditions
make the models inequivalent, i.e., having one electron
transverse the ring (and causing spin-down and spin-up
electrons to exchange positions) does not produce an
equivalent configuration. Also, the J=0 and J==2¢ re-
sults are nearly the same, suggesting that they describe
similar excitations. We return to this point shortly.

Figure 4 shows the eigenvalues of the covariance ma-
trices used in the definition of ¥2 in Eq. (13). The eigen-
values for J=0 and J=2t are similar indicating
equivalent accuracy for the two cases. Figure 5 shows
the defauli models m (g =,w) used in the definition of
the entropy in Eq. (12). These default models were
chosen to satisfy the sum rules

e
w
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FIG. 3. Imaginary-time correlation function S,,(¢=m, 7)

normalized by the J-dependent hopping (cgc, +cJ{c0)
=3 {cloe,o+cl,co0). The spinless fermion result is
equivalent to the Monte Carlo result for J=0, demonstrating
the accuracy of the Monte Carlo results and the smallness of the
finite-size effects which make the models inequivalent. Also the
J =2t results are similar to those for J=0 suggesting that the
modes of the distributions S,,{(g =7, ) are close. The rapid de-
cay of this correlation function implies that spectral weight is
concentrated at higher frequencies. For r==¢~! the correlation
function for J=2¢ is approximately 20% larger than for J=0,
suggesting that the broadening about the mode of S,,,(g=m, @)
is larger for J=2¢ than for J=0 because lower-frequency con-
tributions are necessary for large 7 correlations.
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FIG. 4. The error bars obtained for diagonalizing the covari-
ance matrix C(r,7') and using Eq. (9). The error bars for J=0
and J =2t appear to be comparable.

L ® —Bo = =
o fo (1+e P)m(q,0)dw=S,,(g, 7=0) ,  (18)

lfm(1—e_B“’)a)_lm(q,a))dw=)(nn(q) R (19)
Yo

and the f-sum rule of Eq. (17). The right-hand sides are
evaluated with Monte Carlo. A unique solution is then
chosen by requiring the solution to also maximize

_ fowm(q,a))ln[m(q,w)]dcu . (20)

Thus the starting point for the calculation uses the avail-
able algebraic moments of S(gq,») and maximum entropy
as has been done for the dynamic structure factor of the
xy model.'® The sum-rule default model is also used for
S, (q,0).”

Figure 6 shows the results for S,,(¢ =, ). The spin-

by
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mlg = m,w)/(t? < cher + cleg >)
o
n
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o

o
N
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FIG. 5. Default models m(g =, ) for J=0 and J=2t pro-
duced from Egs. (17)-(20). S,,(¢=m, 7) results are used to
make improvements to m(q,») to produce a more accurate ap-
proximation for S,,(g =, ®).
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less fermion result has been broadened by 0.25¢; this
value is chosen so that the maximum of the broadened
function has the same magnitude as our J =0 result. Fig-
ure 6 shows that this method is unable to reproduce the
discrete structure expected for a 64-site system as is
shown in Fig. 2. Also, the J=0 result does not accurate-
ly reflect the asymmetry of the spinless fermion result.
Nonetheless the maximum-entropy result is an improve-
ment over m(q,®) and provides an appropriate descrip-
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tion of the spectral weight distribution.

It is interesting that the J=2¢ result is similar to the
result for J=0. This is also found for J=t and also for
momentum ¢=77/8. This similarity suggests that
particle-hole-like excitations dominate for O <J <2¢ near
g =m even though single-particle states no longer form
cigenstates of the Hamiltonian. The increased width in
Sun(q=m, ®) for J=2t could be ascribed to the increased
width of the effective single-particle levels, i.e.,

Sunlg=, w)=77;—f0°°dEfo°°dE’2 A (E) Ay 4 (E"Vf(E)N1—f(E")]8(w—(E'—E)), @1)
k

where A,(E) is the single-particle spectral function,
which is no longer a 8 function

A (E)=8(E—¢g), e,=—2tcosk , 22)

as is found for J =0, but now has a finite width. It would
be interesting to examine A (E) explicitly. von
Szczepanski et al. have performed numerical studies of
finite-size clusters and observe broadening of A,(E).
A, (E) could also be examined by analytic continuation
of the single-particle Green’s function

G (ry=—{ T e e H7cf)) ,

but for the ¢-J model this requires the computationally
expansive broken-world-line method. Simulation of the
one-dimensional Hubbard model may be more feasible
for studying the broadening of 4, (E).'®

Due to the incompleteness of the Monte Carlo
S,,(q,7) data, the maximum-entropy method generally
produces results broadened with respect to the exact re-
sults, as in demonstrated by comparing the J=0 and
spinless fermion results. It is worth examining whether
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FIG. 6. Maximum-entropy results for S,,(g=m, ®). J=0
qualitatively describe the spinless fermion result (which has
been broadened with a Gaussian of width 0.25¢), but does not
accurately describe the asymmetry. J=2¢ qualitatively resem-
bles the J =0 result, but is substantially broader. If this result is
correct, which is considered further in Fig. 7, it suggests that
the effective single-particle states near the top and bottom of the
band for J=0 shown in Fig. 1 are substantially broadened.

the broadening found for J=2¢ is actually required by
the Monte Carlo data or is an artifact of this technique.
To test this we take the narrow J=0 result from Fig. 6
and use this as the default model m(q=mn, @) for J=2t.
We see in Fig. 7 that J =2¢ data broadens the J =0 result.
As stated earlier, the increased broadening is consistent
with the imaginary-time data in Fig. 3. There the J=2¢
correlations are larger than those for J=0 for large 7
values suggesting the presence of lower-frequency weight
for J=2t.
The overall spectral intensity,

o = [ Smta.0do=p;, 23)
q

is a constant for all values of J /¢ at a fixed filling. We ob-
serve that the ¢ == contribution for J=2¢ is reduced by
a factor of (ey, j=2,€4in 7=0) ~0.9 relative to J=0. Thus
spectral weight is shifted to other momenta possibly
within some other structure. This is common in many-
body systems and often an interaction-induced sharp
structure signals a collective mode. For example, in the
three-dimensional electron gas without Coulomb interac-
tions S,,(q,®) describes the excitation of electron-hole

g 2 T T, T B T
A J =2t
S
-5 rerere e d@fault
+ model
oy - final
= result
vV
- 1
L
=
3
=4
S
=
g
vy 0 B— ‘ —
0 2 w/t 4 6

FIG. 7. S,,(g =1, w) for J=2¢ using the J =0 result as a de-
fault model. To test whether the broadening for J =2t is neces-
sary with respect to the more narrow J =0 result, we use the
J=0 result as the default model. Most of the width found in
Fig. 6 is restored, confirming that the spectrum for J=2¢ is
indeed substantially broader than for J =0,
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FIG. 8. S,,(g=3w/4, 7). Here the difference between J=0
and J =2t is nearly constant for 7<2¢~!. This suggests that the
high-frequency behavior is similar for J=0 and J=2¢, but
J =2t has additional low-frequency weight.

pairs.!” When the Coulomb interaction is included,

S,.(q,) still describes the excitations of electron-hole
pairs at large values of |q[, but as |q| is decreased spectral
weight for electron-hole creation is transferred to a
plasmon peak.

The g =37/4 imaginary-time data displayed in Fig. 8
indeed suggests that a new feature appears at low fre-
quencies for J=2t. The difference between the scaled
J=0 and J=2¢ data is nearly constant up to 7=2¢"1,
This constant difference suggests that the high-frequency
particle-hole excitations found for J =0 have their inten-
sity reduced for J =27 by approximately the same factor
(~0.9) found for ¢ = and that an excitation appears at
a frequency below the particle-hole excitation energies.

The maximum-entropy results for S,,(g =37 /4, o) are
shown in Fig. 9. Again the Monte Carlo result for J =0
does not describe the asymmetry of the spinless fermion
result (which is broadened by 0.5f). As was the case for
q =, the particle-hole-like peak for J =2t is broadened
with respect to J=0. However, in contrast to ¢ =, a
low-frequency peak appears near o ~0.4¢t The observa-
bility of this structure is aided by the lack of particle-hole
excitations at low frequencies, which would provide a de-
cay mechanism for the excitation(s) described by this
peak. Again, this lack of low-frequency particle-hole in-
tensity is unique to one dimension.

Figure 10 shows the dependence of this feature on J /t.
The peak appears for J=0.5¢, but is most pronounced at
J=t, even more so than for the J=2¢ peak displayed in
Fig. 9. The spectrum for J=2.5¢ differs qualitatively
from the spectra for J <2t and it is less straightforward
to separate particle-hole-like contributions from other
features. The position of the peak decreases as J in-
creases; the peak is found at ©=0.6¢, 0.5¢, and 0.35¢ for
J /t=0.5¢, t, and 2¢, respectively.

Results for g =1 /2 are shown in Fig. 11. For g=mu/2,
the change in the spectrum is greater as a function of J /¢
than for g =37 /4 and m. We see that the result for J =¢
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FIG. 9. S,,(¢=37/4, »). The J=0 result again shows the
broad particle-hole spectrum, but does not accurately reflect the
asymmetry of the spinless fermion result which is broadened
here by 0.5¢. The high-frequency piece for J=2t is again
broadened relative to J=0, but now a feature appears at low
frequencies for J =2¢ that is not observed for J=0.

shows a sharp low-frequency feature replacing the
particle-hole continuum that extends to zero frequency
for J=0. Figure 12 shows the removal of the low-
frequency structure and a qualitative change in the char-
acter of the spectrum as J is increased to 2¢ and 2.5¢.
Again the additional peak shifts downward from 0.3t to
0.2t as J increases from ¢ to 21. Note that the peak posi-
tions are about half of that for ¢ =37 /4, and thus the ex-
citations being described by the low-frequency peaks are
strongly dispersive. No well-defined peak appears for

-
I\

0.0

Spn(q = 37 /4, w)/ (7! < chey + cleg >)
Q
(=]

2 w / ¢ 4 6

FIG. 10. Dependence of S,,{¢g=3%/4,w) on J/t. The
J=0.5¢ result shows evidence of the low-frequency feature at
w~0.6t. For J=t the feature is particularly sharp, suggesting a
collective excitation or weakly damped excitation which is not
single-particle-like. When J increases to 2.5¢ the character of
the spectrum changes indicating that the charge structure of the
ground state is different from J <2¢. The position of the low-
frequency peak decreases as J /¢ increases indicating that the ex-
citation which produces the peak stabilizes with an increasing
value of J /¢.
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FIG. 11. S,,(g=m/2,®). The particle-hole spectrum ex-

tends to =0 for J=0, but for J=¢ the low-frequency spectral
weight is concentrated in a single peak at ®=0.3¢.

J=0.5¢ in Fig. 12 due to the large spectral weight for
particle-hole excitations found for J=0, however, addi-
tional structure is emerging.

Figure 13 shows results for ¢=w/4. No additional
structure appears as J /t is made finite, but the spectrum
shifts to lower frequencies as J increases. If these excita-
tions arise from particle-hole-like excitations from near
€, this suggests a substantial change in the character of
the states formerly found near €. The change in the dis-
tribution function n; from one that is discontinuous at
J=0 to one that is continuous for finite values of J /¢
(Refs. 8 and 11) suggests that the low-momentum transfer
charge excitations should be strongly affected. Because
the broad particle-hole-like continuum in Fig. 13 extends
into the range where the sharp low-frequency excitation
is found for ¢ =3 /4 and /2, it is of interest to consider
other values of the electron density which shift the
particle-hole excitations to larger energies allowing a
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FIG. 12. S,,(¢g=m/2, ») as a function of J/t. The sharp
peak found for J=t is gradually removed as J /¢ increases and is
no longer distinct at J=2.5¢. A low-frequency peak appears for
J=0.5t imposed on the particle-hole continuum.
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FIG. 13. S,.,(g=mu/4, w). The finite values of J/t do not
produce an additional low frequency feature for g =/4. How-
ever, a large shift of the spectral weight to lower frequencies
occurs while the spectrum remains broad.

low-frequency feature to appear in S,,(¢ =7 /4, o).

The electron density p,=0.5 produces the largest ener-
gies for particle-hole excitations at J/t=0. Results for
po=0.5 are shown in Fig. 14. As with p;=0.75 the
particle-hole-like feature broadens and shifts to lower fre-
quencies at J /¢ increases. Here, though, an additional,
but weak, feature does appear at low frequency.

We note that the spinless fermion result in Fig. 14 is
only broadened by 0.04¢ in order to obtain the close
agreement with our Monte Carlo result. This is a further
indication that low-frequency features are accurately de-
scribed with this method.
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FIG. 14. S,,(q,®) eleciron density py=0.5 and g=mu/4.
When the density is lowered to p,==0.5 the particle-hole spec-
tral weight is shifted to higher frequencies, distinct from the

* characteristic energy of the sharp mode. The mode now ap-

pears for J=¢, although it is very weak. Note that the spinless
fermion result is broadened by only 0.04¢ in this figure and
agrees well with the J =0 result. This demonstrates the accura-
cy of this method at lower frequencies as compared to higher-
frequency structures, such as for 4 =3 /4, where broadening of
the spinless fermion result by as much as 0.5t is required.
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Because this method does not provide excited-state
wave functions, we can only speculate on the nature of
the elementary excitations described by the low-
frequency structure. The short range of the interaction
suggests that the peak describes binding of particles. In
the two-electron case, the ¢-J model shows no binding for
J/t <2 (independent of dimensionality), as the energy
gain from the interaction term is unable to offset the loss
of mobility.’ Binding occurs for J/t>2. It seems
reasonable that bound pair states exist as excited states
for J/t <2. Such excited states may be responsible for
the low-energy peak observed at these large densities.
The decrease in frequency of this peak as J /¢ increases
could then be ascribed to the decrease in energy of two
{(or more) particle-bound states.

Figures 10 and 12 show that the nature of the charge
excitations is qualitatively different for J=2.5¢ than for
J <t. This can be ascribed to the bound pair excitations
found for J =2r becoming stabilized or contributing to
the ground state for J=2.5¢. For 2<J/t <(J/t), As-
saad and Wiirtz’ find that the static spin structure factor
is fit by the form (1—cosk) indicating the presence of
bound singlet pairs. Hellberg and Mele!® find that the
Jastrow factor describing their variational wave function
changes from one where long- range spin correlations
dominate to one where singlet pa1r1ng dominates. Monte
Carlo® and exact diagonalization!! show the dominance
of “superconducting correlations,” which describe the
prevalence of nearest-neighbor spin-singlet pairs when
J /t is increased above 2. The Bethe-ansatz ground-state
wave function for J=2¢ describes a gas of singlet pairs
with the binding extending over arbitrarily large dis-
tances.* All of these exact and numerical results point to
the change in the nature of the pair correlations as J /¢
increases and it seems plausible that the excitation de-
scribed by the sharp peak in S,,(q,0) is related to this
change.

Summarizing, results for S,,(g,®) show that particle-
hole excitations dominate charge spectrum at high fre-
quencies. However, a sharp mode appears at frequencies
of order 0.5z for finite values of J possibly describing
bound singlet pair states. The intensity of the mode is
dependent on J /¢, q, and the electron filling p, and is par-
ticularly sharp near J =t

IV. RESULTS FOR S,.(¢,0)

Figure 15 shows S,,(¢ =, ®) for J=4¢, 2.5¢, and t.
The J=4¢ result (which is from a simulation with tem-
perature J /24, as are all results in this section) corre-
sponds to phase separation at 7=0 where the spin exci-
tations should be Heisenberg-like. The J=4¢ result
resembles that for the pure Heisenberg model’ with a
broad continuum of excitations extending from »=0 to
w~wJ. The results obtained for J =4t are affected by er-
godicity problems in the Monte Carlo simulation, i.e., the
results depend on the initial choice of configuraton and
the random number sequence. This is typical of Monte
Carlo simulations performed near a phase boundary. We
find that ergodicity problems mainly affect the sharpness
of the low-frequency peak. This is expected as the
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FIG. 15. S,,(¢=m, w). For all values of J /¢ the spectrum is
broad. In the phase-separated state at J=4t we find the
Heisenberg-like dynamics with the spectrum extending to low
frequency. The J=t spectrum is cut off at a finite frequency as
the zero-frequency excitations are found for g =37 /4=2k for
J =2t. The J=2.5¢t spectrum extends to zero frequency demon-
strating the absence of a spin gap for this intermediate value of

J/t.

thermal excitations introduce low-mobility holes into the
Heisenberg chains and, if these holes are static, a gap in
the spectrum results due to the finite size of the decou-
pled spin chains. The holes are not_static, but their
motion and spatial distribution are precisely what is be-
ing poorly described near the phase transition. We con-
sider the ergodicity problem in more detail beIow along
with ¢ =3 /4 results.

For J=t, S,,(q,w) shows a large gap for g=w(~0.7J),
but the excuatlon spectrum remains broad. The size of
the gap decreases with respect to J as J /¢ increases and is
approximately 0.3¢ for J=2t (not shown). At J=2.5¢
there is no longer a discernible gap at g =1r, although the
spectral weight remains concentrated at high frequencies.

Figure 16 shows that low-frequency spin excitations
are found at g =2kp=mpy=3m/4 for J/t <2 as expect-
ed. Three distinct peaks occur for J =1 with the lowest-
frequency peak at »=0.06¢, a value consistent with being
the finite-size gap. Low-frequency spectral weight for
g =3m/4 is reduced as J /t increases. The J=2.5¢ results
have nearly collapsed to the J=4¢ result except for
@ <0.5J where there is still signficant spectral intensity
for J=2.5t.

The J =4t results are similar to the Heisenberg results’
except for the appearance of a low-intensity peak at low
frequency. This peak is due to the fluctuations in the
phase-separated state and is strongly affected by the ergo-
dicity problems associated with the zero-temperature
phase transition. This is demonstrated in Fig. 17 where
two results obtained from Monte Carlo simulations
differing only in their random-number sequences are
shown. The qualitative features are the same, but one re-
sult is substantially broadened, especially at low frequen-
cies.

For J=2.5t and for both ¢ =37 /4 and g =, S, (q,0)

has excitations extending to zero frequency. As J/t in-
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S,.(g=3m/4,w)/J7"

FIG. 16. S,;(¢=37/4, »). For J <2t low-frequency excita-
tions are found for ¢ =37 /4=up,=2k;. The nonzero peak po-
sition (@ ~0.06¢) for J=t is of the order expected for finite-size
effects. For J=4t phase separation occurs at T=0. For com-
plete phase separation the Heisenberg-like excitations dictate
that ¢ =3 /4 has no spectral weight below 1.1J. In addition to
the maximum-entropy broadening, thermal and quantum fluc-
tuations produce weight below w=1.1¢ for J =4¢. J=2.5¢ falls
in the crossover regime with most of the spectral intensity at
large frequencies, but we still find excitations at low frequencies
at g =37 /4 (and g=m).

creases this low-frequency weight increases for g = and
decreases for g =37 /4. The opposite is true when J /¢
decreases from 2.5¢. This suggests that a spin gap is ab-
sent for any value of J /¢ at the filling of p,=0.75. It has
been suggested, though, that a spin gap may appear at
very low densities. 1011

The absence of a spin gap for J =2.5¢ shows that a gas
of singlet dimer pairs does not completely represent the

1.2 d T T T
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FIG. 17. Comparison of J=4t results for ¢g=37/4 for two
simulations differing only in their random-number sequence.
Because of the proximity of the T'=0 phase transition, ergodici-
ty effects results for J=4t. The same qualitative picture is pro-
duced for both simulations with the low-frequency behavior the
most poorly converged even though maximum entropy is most
accurate for low frequencies.

" nature of the ground state for this large filling. There still

remain, though, signatures that these pairs are present in
the ground state. The spin excitation energies are con-
centrated at higher energies, of order @=J, and the char-
acter of the spectrum is weakly momentum dependent
(the g == and g =3w/4 spectra are similar), indicating
that the excitations that are probed by S,,(q,®) are near-
ly local.

V. DISCUSSION

These results may be helpful in untangling the excita-
tions described using the Bethe ansatz.* The connection
between spinon and holon excitations from the Bethe an-
satz to the excitations observed with the experimentally
relevant quantities S,,(g,) and S,,(g,®) is not immedi-
ately clear. For example, how do the spinons and holons
correspond to what are essentially particle-hole contribu-
tions found in Fig. 6? Also, the Bethe-ansatz wave func-
tions or an extension of the variational approach!® may
provide a description of the excitations producing the
sharp peaks in S,, (¢, w).

The one-dimensional Hubbard model is also of interest
and may be studied using this method.?! The
identification of the ¢-J parameters in terms of the Hub-
bard model parameters J /¢ =4t /U is rigorous for U >>t,
or J <<t, and the sharp charge excitation feature may not
survive when the constraint of double occupancy is re-
laxed. The superconducting pair correlations have been
found to be weaker for the Hubbard model than the ¢-J
model,?? and thus it is questionable whether a sharp addi-
tional feature corresponding to pair formation should
occur in the Hubbard model. The Hubbard model allows
the study of the spectral function A,(E) (Ref. 23) (but
not easily in the world-line method), and it would be in-

. teresting to observe the presence of a satellite structure

due to the sharp low-energy structure in S,,(q,®), if it
occurs, in addition to the broadening of the single-
particle levels and the addition of the on-site correlation
peaks. ;

It is not straightforward to connect these results to the
two-dimensional ¢-J or Hubbard models. The added
dimensionality brings about frustration of hole motion,
for example, that is not present in one dimension. It
seems possible, though, that the charge spectrum in two
dimensions shares some of the features observed here at
moderate densities where frustration is not as prevalent.
If the sharp charge excitation appears for the one-
dimensional Hubbard model, it would be interesting to
produce results for S,,(g,») for the two-dimensional
Hubbard model at intermediate couplings and low densi-
ties to see if the new feature appears with respect to the
particle-hole excitations found for U=0. If so, it may be
worth examining the evolution of this feature as the den-
sity is increased towards half filling. If these excitations
are pushed to lower energies as the density is increased, it
may suggest that they become stabilized near half filling,
which is the regime of interest and where quantum
Monte Carlo has been least successful.
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