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We have obtained the spectral function of the asymmetric Anderson model at low temperature
through analytic continuation of quantum Monte Carlo data. While not quantitatively exact, the
qualitative features of the spectral function clearly allow us to distinguish between the local-
moment, mixed-valent, and empty-orbital regimes. We show how the spectral function changes as
a function of particle-hole asymmetry and the Coulomb potential U.

In this paper we present the first results for the spectral
function of the asymmetric Anderson model of magnetic
impurities in a metallic host obtained by directly analyti-
cally continuing Monte Carlo data.'> We use a method
recently developed by two of ‘us.! Unlike previous
methods used for the Anderson model,? this method is rel-
atively insensitive to statistical noise in the Monte Carlo
data. Given the limitations of our procedure and of the
Monte Carlo data, we can obtain the qualitative features
of the spectral function which allow one to distinguish be-
tween the local-moment, mixed-valent, and empty-orbital
regimes.

All the thermodynamic properties, as well as the ¢ ma-
trix can be derived from the spectral function of the An-
derson model. Experimentally, the spectral function can
be measured through different measurements of the densi-
ty of states [i.e., bremsstrahlung isochromat spectroscopy
(BIS) above the Fermi level, and x-ray photoemission
below]. Theoretically, the spectral function can be ob-
tained through perturbation expansion in U,* or a large
degeneracy (1/N) expansion.® However, perturbation
theory is limited to small values of U, while 1/N expan-
sions are limited to the case of both large degeneracy and
asymmetry where the impurity is never multiply occupied.

Here we present results from a direct continuation of
quantum Monte Carlo data. While our results are only
qualitatively correct, limited by resolution and noise in the
data, they nevertheless are pertinent for large values of U,
the nondegenerate case (spin § ), and all the way from the
symmetric to the asymmetric regime.

Using quantum Monte Carlo data, we generate theI

imaginary-time single-particle Anderson impurity Green’s
function. We Fourier-transform it to obtain the Matsu-
bara frequency Green’s function G(iv,). The problem is
to analytically continue G(iv,) in order to obtain the
spectral function A (w) for real frequencies.

Our analytic continuation technique is based upon the
spectral representation of the Green’s function,
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Here, v,=Q2n+1)2T and A(w) is the corresponding
spectral function normalized to 1. We discretize the spec-
tral function by expanding it as a series of & functions,
Alw) =2 = — 0 Amd(0 —w,), and choose the real fre-
quencies on a regular grid of spacing Aw. Using this rep-
resentation of 4, Eq. (1) becomes
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In practice, the Monte Carlo calculation provides us
with a finite number of points G(iv,), n=—N,...,
0,...,N—1. Since the real part of G(iv,) is an even
function while its imaginary part is odd we can decompose
(2) into a set of N-independent equations for the real part
and N for the imaginary part of G(iv,). In order to solve
these equations we consider {4,} as a set of dynamical
variables evolving in an artificial time z.! We then in-
tegrate6
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from ¢ =0 until they converge to a fixed point, where 8.4,/9¢ =0. The resulting set {Ap} defines the desired spectral func-

tion.

The term B({A,,}) imposes two physical constraints. Its first part is introduced in order to impose the sum rule
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2 wA(w)dw =1, while the second part tends to suppress
spurious fluctuations which result from the singular na-
ture of the linear system and noise in the data. In addition,
we do not allow any of the set {4,} to become negative, in
the course of the evolution under Eqgs. (3) and (4), since
A(w) is positive definite.

We generate the Green’s function on Matsubara fre-
quencies using a quantum Monte Carlo algorithm similar
to that developed by Hirsch and Fye.” In this simulation
the problem is cast into a discrete path-integral formalism
in imaginary time, 7;. The action is evaluated on a grid of
L time slices. A discrete Hubbard-Stratonovich transfor-
mation, which introduces an Ising field o(z;), is used to
make the Hamiltonian quadratic in fermion operators.
The fermion degrees of freedom are then integrated out,
and one is left with an effective action, which is a function
of the Ising field. The Monte Carlo algorithm is con-
structed to provide an importance sampling of o(7;).

In Ref. 1 we found that our resolution was limited by
the imaginary time step Ar. To partially alleviate these
problems, we have developed a novel modification of the
algorithm: We chose to make the imaginary time grid in-
homogeneous, resolving the time slices close to 0 or 8 a
few times finer than those close to /2. Since the Green’s
function G(z) is measured at each time difference 7— 7',
this allowed us to measure G(z) on a much finer grid.
This gave us more resolution, at the cost of increasing the
variance of each measured value. Typically, with L =160,
we would resolve the first and last 14 time slices 3 times
finer than those in the middle, resulting in 312 different
time differences. These data were Fourier-transformed to
the first V Matsubara frequencies and then analytically
continued using the procedure outlined earlier.

The Anderson model, in the limit of infinite metallic
bandwidth,

H=Y &,C}.Crot Vg:(c,!,adﬁdick.a)
k,c N4

+ ey E nis+Unging, 6)

is characterized by a hybridization width A=zN(0)¥?
[where V is the hybridization matrix element, and N(0) is
the density of states at the Fermi surfacel, an on-site
repulsion U, and a Kondo temperature,®®

Tk =0.364QQAU/x) 1/2,7ealea+V)/28U ’ .

obtained from perturbation theory. We present results for
the spectral density at low temperature (low compared to
the appropriate characteristic energy scale) as one varies
€; from the symmetric regime (e;=—U/2) to the ex-
treme asymmetric values. An important rigorous result,
due to Langreth, '° is the Friedel sum rule
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where {n4,) is the occupancy of the orbital with spin o.
There are three low-temperature regimes: (i) the local
moment regime in which, at low temperatures, the mo-
ment is quenched by the Kondo effect with a characteris-
tic energy scale Ty, this occurs for ¢;< —A and
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{ng.) = % (ii) the mixed-valent regime, characterized by
an energy scale A, where the ground state is a singlet with
0.2 <{n4,) <0.4; and (iii) the empty-orbital regime
which occurs for €; > A.

We first present results for the symmetric Anderson
model (¢; = —U/2), as a function of the Coulomb poten-
tial U. In the symmetric regime we find {n4,) =0.5 as ex-
pected. In the U =0 limit (resonant level model) A(w) is
a Lorentzian of height 1/(zA) and half-width A. Our re-
sult for U =0 is given in Fig. 1. The peak has the right
height and width, however, the tail is not reproduced as a
result of the cutoff imposed by the finite number of input
data points. The weight associated with the tail was shift-
ed inwards forming two side branches. For finite U the
spectral function has the typical three-peak structure
(solid line in Fig. 1). There are two broad peaks with
half-width of order A, whose positions are given approxi-
mately by e; and e;+U, corresponding to d°— d! and
d'— d? transitions, respectively. At @ =0 we find the
Abrikosov-Suhl resonance which is expected to have a
width of order Tk at zero temperature. The actual result
is considerably broader for two reasons. Primarily it is
due to the limited resolution of the analytic continuation
method. In addition, the simulations were performed at
temperatures T == Tk, and hence there is non-negligible
thermal broadening.® The latter also accounts for the fact
that the peak is somewhat lower than expected from the
Friedel sum rule. We have found that in simulations in
which T =0.25Tk, the Friedel sum rule is satisfied to
better than 8% accuracy.

As we move away from the symmetric regime, for
leal < (U=A)/2, the system continues to exhibit a local
moment (at high temperatures) that is quenched for
T < Tk, the spectral function changes slightly from Fig.
1: The central Abrikosov-Suhl peak is a bit broader, con-
sistent with the fact that Tk has increased, and is also dis-
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FIG. 1. The spectral density of the symmetric Anderson
model (at A=0.5) as a function of the Coulomb potential U.
For U =0 (dotted line) our results are in agreement with the ex-
act A(w) which is a Lorentzian of height 1/(xA) and half-width
A (see text). For U=2.5 (solid line), where Ty =0.05 we find
two side peaks at @ =&z and @ =¢;+U, while the central peak
becomes narrower and does not retain a Lorentzian shape (Ref.
5).
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FIG. 2. The spectral density of the Anderson model when
U=2.5 gnd A=0.5 for two values of ;. For ez=—0.25 (solid
line) the shape is typical to the mixed-valent regime. Here the
lower peak merges with the central peak, while the upper peak
retains its identity and the expected position e;+U. For
€s=1.75 (dotted line) we enter the empty-orbital regime in
which there is a single peak whose position and height are given
accurately by the Hartree result [position == ¢4+ U(ng) and
height 1/(zA)]. The small wiggles at low frequencies seem to be
an artifact of the method of analytic continuation, however, the
Friedel sum rule is still satisfied.

placed from zero. The two broad peaks show the expected
asymmetry in position, with the upper peak rising in
height and position. This distinct three-peak structure
persists until {ny,) == 0.4.

As ¢4 increases further we enter the mixed-valent re-
gime. From the perturbative scaling analysis,® and the
nonperturbative renormalization group,® it is known that
the singlet state is renormalized downward in energy more
than the triplet. Typically this regime is discussed in the
limit where U is much larger then €7 and A.!' We explore
the values |ez| > (U—A)/2 with U fixed. As {ng, de-
creases below 0.4, the lower peak merges with the central
peak as shown in Fig. 2. The upper peak (d'— d? transi-
tion) retains its identity and is at the expected position
(e4+U). Its spectral weight is smaller, since the ground
state now has less projection onto the singly occupied
state. In this regime, therefore, the spectral function ex-
hibits two broad peaks (of half-width A). The precise
shape of the lower peak, which is more pronounced, is
quite sensitive to the values of ¢;. We find that this re-
gime occurs for ¢4 < 2A.

Finally, we increase ¢, sufficiently to reach the empty-
orbital regime where there is a single peak (Fig. 2) whose
position and height are given accurately by the Hartree
result [position == e;+Ulny, and height 1/(zA)]. The
small wiggles in the low-frequency structure in Fig. 2
seem to be an artifact of the method of analytic continua-
tion. We do note, however, that the low-frequency struc-
ture does satisfy the Friedel sum rule (as expected since
the characteristic energy scale in this regime is A).

We have also found it useful to monitor (o2

eq + U/2

FIG. 3. The subtracted moment (o) —2(ns)(1 —{nss)) vs
&s. This quantity is finite when a local moment is present, in-
dependent of Kondo screening. In the local-moment regime
0.0<es +U/2<0.75), this quantity falls slowly with e
+U/2. In the mixed-valent regime, it falls quickly. In the
empty-orbital regime it is essentially zero, indicating no local
moment.

=((ngy —ng;)? as a measure of the local moment on the
impurity. In the uncorrelated regime (U =0 or ¢;>> U),
(62) =2nge)(1 —(ng,?). In Fig. 3 we plot {o2) —2ng,
% (1 —{nge?) vs €4. This quantity is finite when a local
moment is present, independent of Kondo screening. In
the symmetric case (02} —2{nz){(1 —{nz,)) =0.5 in the
limit U— o0, In the local-moment regime (0<e¢y
+U/2 <0.75), this quantity falls slowly with e;+U/2. In
the mixed-valent regime (0.75 < ¢;4+U/2 < 2.0), it falis
quickly. In the empty-orbital regime (e;+U/2> 2.0) it
is essentially zero, indicating no local moment.

In summary, we have presented the first results for the

‘low-temperature behavior of the spectral density function

of the Anderson model obtained by analytic continuation
of quantum Monte Carlo data. We have shown how the
spectral function changes as a function of particle-hole
asymmetry and the Coulomb potential U. By varying
these parameters we were able to distinguish between the
local-moment, mixed-valent, and empty-orbital regimes.
All our calculations were done for a fixed temperature
T =0.05. Since the resolution of the analytic continuation
method becomes worse for higher temperatures we could
not perform a systematic study as a function of tempera-
ture.
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