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We employ the dynamical cluster approximatidCA) in conjunction with the fluctuation exchange ap-
proximation (FLEX) to study the Hubbard model. The DCA is a technique to systematically restore the
momentum conservation at the internal vertices of Feynman diagrams relinquished in the dynamical mean field
approximation. The FLEX is a perturbative diagrammatic approach in which classes of Feynman diagrams are
summed over analytically using geometric series. The FLEX is used as a tool to investigate the complemen-
tarity of the DCA and the finite size lattice technique with periodic boundary conditions by comparing their
results for the Hubbard model. We also study the microscopic theory underlying the DCA in terms of compact
(skeletal and noncompact diagrammatic contributions to the thermodynamic potential independent of a spe-
cific model. The significant advantages of the DCA implementation in momentum space suggests the devel-
opment of the same formalism for the frequency space. However, we show that such a formalism for the
Matsubara frequencies at finite temperatures leads to acausal results and is not viable. However, a real fre-
guency approach is shown to be feasible.
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[. INTRODUCTION Hubbard model physics in the strong regime precisely. How-
ever, the main objective of this work is to make a compari-

Nonlocal correlations play an important role in the phys-son between the DCA-FLEX combination results and previ-

ics of strongly correlated electron systems such as fiigh- ©US finite size lattice FLEX calculations. It is hoped that this

superconductors, heavy fermion metals, etc. The dynamic&fudy Will lead to a better understanding of the DCA.
We earliet! suggested a prescription to correctly imple-

e e eom i s som o Tt e DCA (e 1 he thermocynanic plentl
' Ofhis prescription will be discussed from a different point of

features of strongly correlated systems. Nevertheless, thge,y using a more general argument. Based upon the Green
nonlocal correlations become crucial in the physics of phasegnction’s exponential falloff as a function of distance, we
with nonlocal order parameters suchcawave superconduc- conclude that compact diagrarftsvo-particle irreducible in
tivity. Even phases with local order parameters such as conthe thermodynamic potentiaiire better approximated using
mensurate magnetism can be significantly affected by theghe DCA than noncompacttwo-particle reduciblg ones.
nonlocal correlations(e.g., spin waves ignored in the Hence the DCA is applied to the compact diagrams only, and
DMFA. noncompact ones are calculated explicitly using dressed non

The early attempts to extend the DMFA by including non-coarse grained Green functions.
local correlations resulted in the violation of causality which  In this work we also consider the extension of the DCA to
is a requirement for positive definiteness of the spectrafrequency space. The many-body theory at finite tempera-
weight and the density of staté80S).2 The dynamical clus- tures is conventionally derived in terms of discrete imaginary
ter approximation(DCA) is a fully causal technique used to Matsubara frequencies. We illustrate that even for a self-
systematically add nonlocal corrections to the DMFA byconsistent algorithm like the FLEX, coarse graining the
mapping the lattice onto a self-consistently embedded clustémaginary frequency propagators results in causality viola-
problem. The mapping from the lattice to the cluster is actions and can not be implemented. However, a real frequency
companied by coarse graining the lattice problem in its reformalism is shown to be causal and applicable not only to
ciprocal space. Thus far, the DCA has been combined witthe FLEX, but also to other cluster solving methods such as
the quantum Monte Carl@QMC) approximatiorf;®the non-  the NCA.

crossing approximationNCA),® and the fluctuation ex- This paper is structured as follows. In the next three sec-
change approximatiofFLEX) (Refs. 11 and 1pto solve the tions, we briefly review the DCA and its application to the
corresponding cluster problems. Hubbard model, the FLEX, and then we describe how the

The FLEX is a perturbative diagrammatic approach inFLEX and the DCA may be merged into a single algorithm.
which classes of Feynman diagrams are summed to all ordeta the next three sections, we use the FLEX-DCA, in com-
using geometric seri€€ Other$'’® have employed the parison to the FLEX for finite sized systems, to explore the
FLEX for finite size lattices with periodic boundary condi- properties of the DCA. The last two sections, are devoted to
tions. Due to the absence of contributions from some rela microscopic derivation of the DCA, and to an extension of
evant diagrams, the FLEX is not capable of addressing théhe DCA to frequency space.
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k, k, In the DCA, we first make the following separation in Eq.

(1):
lq A= el (x+X)- (K1 = Q=Ko ki —q-kp) 2)
X

The productK; -x,Q-x andK,-X=2n, wheren is an in-
FIG. 1. A typical vertex in a Feynman diagram with solid lines teger. Therefore, their associated phases may be neglected
as one-particle Green functions and the wiggly line as an interacand Eq.(1) splits into two parts:
tion.

N
II. DYNAMICAL CLUSTER APPROXIMATION  (DCA) A= |\|_C §~k1xEI+E2N°6K1~Q+K2' )

Both the DCA and DM'_:A may be dgrived by _exploring The DCA also ignores the phase§”2'; due to the position
the momentum conservation in the diagrammatics. As deat the cluster in the original lattice andar less important
picted in Fig. 1, momentum conservation at each vertex is _;z.x ding to th it ithin the cluster. A
described by the Laue function: e corresponding to the position within the cluster. As a

result, it approximateN/Ncépl,agkzz1, so that

A:Z eix-(klfq*kz):Nﬁkl’q_*_kz, (1) ADCA: NC5K1,Q+K2' (4)
X

which indicates that the momentum is conserved modiko
In the DMFA, momentum conservation at the internal verti-for transfers between the cells.
ces of irreducible Feynman diagrams is completely relin- The approximation made through the substitutidn
quished. That is, the DMFA simply sefs=1."* Hence we A, corresponds to replacing all internal legs in the
may sum freely over all the internal momenta entering anccompact (skeletal diagrams by the coarse grained Green

leaving each vertex. Only local contributions survive theg nction G and interaction potentia\?defined by
sum. Thus this is equivalent to mapping the lattice problem

onto a self-consistently embedded impurity problem. The _ N, _

DMFA becomes exact at infinite dimensioHfs. G(K,wn) = > G(K+k,0p), )
The DCA is an approach to systematically restore the mo- K

mentum conservation relinquished in the DMFA. In the N

DCA, fthe first Brillouin zone in the_ reciprocal space is di- V(Q)= WC Z V(Q+7). (6)

vided intoN. equal cells of linear sizak labeled byK in q

their centers, and the momenta within each cell are labele, so. il we will define the compact and noncompact
by k. Thenk=K +k (cf. Fig. 2. To visualize this scheme in diagrams and elaborately discuss why only the compact ones
the real Iatt|Ce, one could consider t|||ng the lattice\bsites undergo the coarse graining approximation.

by N/N, clusters each composed Nf=L" sites whereL is ReplacingA by Apca tremendously reduces the complex-
the linear size of the subcell and D is dimensionallil/ Fig. ity of the problem because instead of having to perform sums
2 for L=2). We will use this picture in Sec. VIIl while over all N states in the entire first Brillouin zone, we have
discussing the microscopic theory of the DCA. We label thesyms over only a set df, states wherdl.<N.

origin of the clusters by and theN, intercluster sites bi.

So for each site in the original lattioe= X +x. Care must be Ill. HUBBARD MODEL
taken when choosing the cluster geometries in order to pre-
serve the lattice point group symmetry and also satisfy som
other criteria for cubic or square latticEs.

We will apply the DCA to study the Hubbard model
Blamiltonian incorporating interactions between the electrons
on a lattice. It includes a tight-binding part due to the hop-
ping of electrons among the sites and an interaction between

© © olare © the electrons. The general Hamiltonian reads
i D b S e-$rele (@ H=Hy+H (7)
O 0|0 0|0 e d oo ST
O 0|0 O|0/O| | R2 ¢ where
o 0 @ ® o0
O O|0 O O > f:“k"o .
O 0|0 Of0 O ? Ho=—1> > ¢l,cj, ®)
© 0 0|0 ® O o (i)
O O|0 CKO ol — q
| {Fist Brilowin zone 277/t o
1
FIG. 2. The real lattice clustersight) and (left) the first Bril- H|:E 2 nj{rn|0"v( Rj— R)

louin zone divided into subcells.

il,oo’

085101-2



DYNAMICAL CLUSTER APPROXIMATION EMPLOYING . .. PHYSICAL REVIEW B67, 085101 (2003

2
V(R)~%. 9) (@) 1%#

Factorst and V(R) correspond to electron hoppings and

Coulomb interactions, respectively. Later in the paper, we

will study the simplest Hubbard interaction which is fully

local and only between electrons sitting at the same site hav- (b) f%*
ing opposite spin directions. The interaction strength is a

constant called U. Hence, for the local model, E9). sim-
plifies to

t \
+ + .
' t
H|:UE nmnil. (10) ? ?
' () + ..
In terms of the vertex properties addressed in Sec. Il, since
the interaction is local and therefore independentofve
f ;
(d) + o

may sum freely over thg momentum for a pair of Laue
functions in Eq.(1) sharing a common interaction wiggly
line as depicted in Fig. 1. As a result, the corresponding Laue
function will become

A= i 2 z eiX‘(kl—q—kz)Z @lV-(kgta—ky)
NG < y FIG. 3. (a) Lowest order diagraniHartree terny, (b) longitudi-
nal spin and density fluctuatich diagrams with an even number of
df ; ; f
=N, Sk, Oy aky =N +kykyrky (1D bubbles (pp), (c) transverse spin fluctuationsb{y), and (d)
q particle-particle fluctuationsd).
and analogously for the DCA, by summing freely ogr

1
= _ — 2
Apca=Ne S, +kyk, Ky (12) Ppp=T1 IN(1+ xpp) = Xpp+ 5 X pp| (16)
where Tre=(T/N)Z 2, with T the temperature anll the
number of lattice sites. The particle-hole and particle-particle
susceptibility bubbles are
In the Feynman diagrammatics of the Hubbard model

with a local interaction, all the interactiorfaiggly lines in —U(T/N G(k+ T
Fig. 3 contribute a numberU from Eq.(10). The electronic Xpp(Gh@n) =U( )Zk % (k+Q,0nt o)

IV. FLUCTUATION EXCHANGE APPROXIMATION
(FLEX)

Green functiongsolid lineg which interact with one another
should have opposite spins. Considering these restrictions, XG(—k,~ o), 17)
had we been able to include all the possible diagrams in our

expansion we would have solved the problem exactly. How- __
ever, in practice this is not feasible. Xpr( G @n) U(T/N)Ek % Gkt 0,0+ 0n) Gk o),

The FLEX was introduced as an approximate technique to (18
simplify this diagrammatic surh® while retaining a conserv- The self-energy and the Green function are defined by
ing approximation. In the FLEX, the interaction part of the
Hubbard model Hamiltonian is treated perturbatively by se- 1 S5P[G]
lecting a certain class of all the possible diagrams which may 2(k,on)=75 Gk o)’ (19

be summed as a geometric series. Following Ba§mwe
define the generating functiondl[ G(k,w,)] as the collec- _re(0)-1 B 1
tion of all the selected families of diagrams illustrated in Fig. G(k,0n) =[G (k,0n) =X (K, 0n) ], (20)

3. Therefore ®[G(k, wy)] for the FLEX can be written whereG(® is the noninteracting one-particle Green function

q):(bgLJrq)’s)LJrq)pp, (19 defined by

1 GOk, w,) =

(22)
IN(1+ xph) — Xpn+ §X2ph :

(Ddf——ETI’[ 12+ 1TI’ w,— €+ u’

(14)  with ¢, the noninteracting Hubbard model dispersion and
the chemical potential.
Calculating the self-energy for Eq13), using Eq.(19),

3
®Sf =—Tr
we get

ph:z

1
In(1—xpn) +Xxpnt Exzph}, (15
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3 (K, wn)=U(T/IN) Y, X [VP(q,0m)G(k—q,0n— o) Solve Cluster
g m R Problem
—VP(q0)G(—k+q,— ot om], (22 (FLEX)
in which $K)
(ph) _ 1 ‘l’
\ (Qawm)_Xph(qywm)+§Xph(Qawm)
— Ne 1
1 3 G(K)=—— -
X m—l + 5 Xpn(d ) K="~ Zk) io—¢, .+ p-2(K)

(23) solved self-consistently witk. The iteration process stops when-

1 FIG. 4. The FLEX-DCA numerical algorithm. The dresseds
X 1
[ } ever convergence is achieved.

1_Xph(Qawm) -

1
z—ext u—2pcalK,2)’

VPP(q, ) = xpp(Ds @) m—l}- (24) G(k,z)= (26)

Equations(23) and(24) for the potential function&/°" and
V(PP are geometric series fog,, and x,, similar to the ) _
random phase approximatiaesults. The Hartree term con- US€d coarse graine@ for the construction of self-energy.
tribution to the self-energy has not explicitly appeared in Eq.The NéwG is coarse grained and used to calculate a new
(22), as it is constant and can be always embedded in thgStimate of2pca(K,2). We repeat this process iteratively

chemical potential in Eq22). until convergence at a desired tolerance is obtained. The final

The differenceA Q(T, ) between interacting and nonin- self-energy is used to construct the dressed Green function in
teracting thermodynamic potential functionals is also ex-E9-(26), required to compute the physical quantities such as

pressible in terms of the Green functions, self-energy, angpectral function, the density of states, etc. The algorithm of

where the index DCA it pca(K,2z) indicates that we have

D[G]: this calculation is demonstrated in Fig. 4.
AQ(T,u)=0-Qo=—-2T{2G—In(G/Gy) ]+ P[G]. VI. COMPLEMENTARITY OF THE DCA TO THE FINITE
(25 SIZE LATTICE APPROXIMATION WITH PERIODIC

. . - BOUNDARY CONDITIONS
In the FLEX, since we include only a limited set of all the

diagrammatic contributions, we do not anticipate to precisely In the half-filled Hubbard model, the antiferromagnetic
address the Hubbard model physics. However, there are @rrelation lengthé increases with decreasing temperature
number of significant physical features such as antiferromagand diverges at the phase transition. In a finite size lattice
netic order at half filling and low temperatures that this ap-with periodic boundary conditions, as the temperature drops,
proximation is able to capture. Moreover, by using the FLEXonce the correlation length reaches the size of the lattice, the
together with both the DCA and finite sized systems withsystem is fully frozen and there is a gap to excitatipefs
periodic boundary conditions, we can study the difference$ig 5(@)]. In contrast, in the DCA, the correlations are con-
between these approaches. For example, as we will shortlined within clusters of sizeN.<N (the size of the entire
illustrate, the complementarity of the DCA and finite sizelattice) and they never reach the size of the lattice. As we
lattice techniques is manifest in the FLEX. The FLEX canlower the temperature, the correlation length approaches the
also be invoked as a good test for the microscopic theory ofize of the cluster, but since the lattice remains in the ther-
the DCA and the coarse graining effects in the compact and

non-compact diagrams for E(R5). L Pf
1
V. COMBINATION OF THE FLEX AND DCA £ - \é
(ALGORITHM ) ---6——4
In the combination of the FLEX and DCA, our goal is to - % e
calculate the self-energy in E¢L9 whereby we construct ' _Cluster
the dressed Green function for the lattice as a building block .
for all the relevant physical quantities. We start out with the (a) (b)
bare (noninteracting Green functionG(®(k,z) defined in Es L = freesing  £> L no freezing
Eq. (21) with z the Matsubara frequencfcomplex. We
coarse grairG as directed in Eq(5), and calculate the self- FIG. 5. (a) The finite size lattice with periodic boundary condi-
energy using Eq(19). This is used to recompute the dressedtions, sizel and correlation lengtl§ and(b) the lattice with clusters
Green function of sizeL and the correlation lengt.
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FIG. 7. The Green functio(k=(0,7),7) at 7= B/2 (left) and
7= B/4) (right) vs 112 for the DCA and finite size results in Fig. 6.
The linear extrapolations meet at a point representing the thermo-
’ A Nc=400 . dynamic limit of the Green function of the Hubbard model evalu-

—045 ¢ 0 Nec=144 \ 1 ated within the FLEX.

O Nc=64

VII. FINITE SIZE VERSUS THE DCA FLEX RESULTS FOR
THE TWO-DIMENSIONAL HUBBARD MODEL AT
0 0.2 0.4 0.6 0.8 1 HALF-FILLING

B The Hubbard model at half filling undergoes a phase tran-
FIG. 6. The Green functiorG(k=(0,),) at T=0.10 and sitior_l to anti—ferromagnetic order at low temperatures. Ac-
U/t=1.57 vs imaginary timer/8 (B=1/T). Finite size results Cord'ng to the Mermm-Wagner-Hohenperg theorem, for di-
(filled symbol$ and DCA resultfopen symbolsare displayed for MensionD =2 the critical temperature is zero. However, as
lattice sizes oN=8x 8, 12x 12, and 2 20. The curves show the W€ continue to lower the temperature, close enough to zero,

complementary approach of the two methods to the thermodynami@ PSeudogap will appear in the density of states as a precur-
limit. sor to the anti-ferromagnetic phagehich has a full gap as

its signature An approach towards non-Fermi-liquid behav-

ior is al isible i th th I [ [ ts of th
modynamic limit, it never freezdef. Fig 5(b)]. By increas- 'Z;;fdaejos\eliﬁgnee:g%?o e real and imaginary parts of the

ing the size of clusters in the DCA, we take longer ranged |, Figs 8 and 9, the densities of states for lattices with
correlations into account so the _gap_W|II become more proginite sizes of 3% 32 and 6464 and periodic boundary
nounced. Consequently, correlation induced gaps are gen&fgnditions and coarse graining cluster sizes 0k16 and
ally overestimated in the finite size lattice, while in the DCA 30 32 are plotted. We analytically continue the Green func-
they are underestimated. tion in order to calculate the spectral functiék,») and
This complementary behavior may be seend(k,7),  the DOS using the Padproximationt® In this approxima-
with k= (0,7r) computed using finite size lattices with peri- tion, we generate a continued fraction interpolating all the
odic boundary conditions and the DCA. As illustrated in Fig. data points and use it as an analytic function of the Matsub-
6, by increasing the size of the finite size lattice and the DCAara frequenciesn,,. The analytic continuation is accom-
cluster, the Green functions converge from opposite direcplished by substitutings,, with w-+i7, wherez is a small
tions. In the finite size lattice, the Green functi@g., atr  positive shift. However, the errors inherent in the numerical
= B/2) decreases with the increase of size which is consisFourier transform(FFT) and also the sharp high-frequency
tent with overestimating the gap, while in the DCA the Greenbehavior of the Green function, FLEX potentials, and the
function increases as the cluster size grows, consistent witkelf-energy limit the accuracy of the Pad@proximation.
underestimating the gap. It is also observed that the convelFhe high-frequency behavior is improved by implementing a
gence in the DCA is much faster, meaning that the result ofore authentic cutoff scheme introduced by Deisal!® in
the DCA is closer to the true curve at a given cluster sizewhich the high-frequency tails of these quantities are Fourier
Both finite size lattices with periodic boundary conditions transformed analytically prior to any numerical FFT and
and the DCA converge with corrections G{\/L?) with L added back to the FFT outputs afterwards. In addition to this
the linear size of the finite lattice or the DCA cluster and  high-frequency cutoff improvement, we also check for the
coefficient!’ The faster convergence of the DCA corre- analyticity of the Padeesults in the upper-half frequency
sponds to its smallex compared to finite size lattices. plane as a requirement for retarded physical quantities. This
In Fig. 7, the values of the5(k=(0,7),7=pB/2) and task s carried out by converting the continued fraction in the
G(k=(0,m), 7= B/4) in Fig. 6 have been plotted versus 3/ Padeapproximation into a ratio of two polynomials. The
for both the DCA and finite size results. The Green functioncomplex roots of these two polynomials are obtained via the
behaves linearly as a function ofL® for large L. The ex-  Jenkins-Traub root finder routirf Those orders of the Pade
trapolations of the DCA and finite size results meetLas approximation for which there exist poles in the upper-half
— o0, approximating the value of the dressed Green functiorplane are omitted unless these poles are canceled by the roots
in the thermodynamic limit. The complementarity of DCA of the numerator. The acceptable Padsults correspond to
and finite size methods allows a determination of the therthe highest order with no uncompensated poles in the upper-
modynamic limit of imaginary time Green functions with half plane.
unprecedented accuracy. As seen in Fig. 8, by increasing the size of a finite lattice,
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0.3 ; : : 0.3
finite size [ N D106/-}16
N=32*32 ~ Ne=
0.25 | ] 0.25
%) [72)
O 02
Q o2 a :
—-—-- T=0.055
o5+ T=0.040
o5+ e T=0067 < s T=0.025
— T=0.024
0.1 : : ‘
0. ‘ ‘ ( -05 -0.25 0 0.25 0.5
"-0.5 -0.25 0 0.25 0.5 ®
(0]
0.3
0.3 ‘
finite size 0.25 +
N=64*64
0.25 |
8 o2
8 N o
Q o2} SN
———- T=0.200 0.15
—-—- T=0.077
15 |
e — - T=0.067 o1 ‘ ‘
—— T=0.055 "~05 -0.25 0 0.25 05
0.1 ‘ ‘ ‘ o
-0.5 -0.25 0 0.25 0.5
@ FIG. 9. The FLEX density of state®OS) for a 1616 DCA

cluster(top) vs energy forU/t=1.57 at various temperatures, and
for a 32<x32 DCA cluster(bottom). For the 3% 32 cluster, the
evolution of a weak pseudogap is observed at0.055 higher than
T=0.025 for the 1& 16 one and the pseudogap is also broader for
tthe 32x 32 cluster.

FIG. 8. The FLEX density of state®OS) for a 32x 32 finite
size lattice with periodic boundary conditiofi®p) vs energy for
U/t=1.57 at various temperatures, and for a<@# finite size lat-
tice (bottom). The evolution of a week pseudogap is observed a
T=0.067 for the 6464 lattice higher tharT=0.055 for the 32
X 32 one and the pseudogap is also much broader for the332
lattice [ 128x 128 finite size lattice results were obtained by Deisz cluster sizeN; equals the size of the finite lattidé¢ the DCA
et al. (Ref. 9]. requires somewhat more CPU time than the finite size lattice

due to course-graining. Nevertheless, comparatively, for
the pseudogap occurs at higher temperatures and also barge finite lattices such as 844, the lattice size contribu-
comes less pronouncédharper as we approach the actual tions to the CPU time significantly dominate the coarse
size of an infinite real lattice. The DCA yields a complemen-graining ones in a 3232 cluster. Thus, the 3232 DCA
tary behavior, as shown in Fig. 9. By increasing the coarsecluster is much faster.
graining cluster size, similar to the finite size lattices, the The FLEX often has difficulty reaching low temperatures.
pseudogap is shifted toward higher temperatures. HowevefFhis is due to the fact that the,, defined in Eq.(18) ap-
unlike the finite size lattices, for the DCA the precursor be-proaches unity as the temperature drops which in turn causes
comes more pronouncebroadey as the cluster increases in the V(P" in Eq. (23) to diverge. In the DCAy,,, approaches
size because the size of the lattice remains constant and th@ity more slowly, allowing the calculations to reach lower
correlations are limited to the cluster size. Thus, comparatemperatures. One has to note that in the FLEX,)(tﬁgA is
tively, the DCA underestimates the gap while the finite sizalefined as
calculation overestimates. it

By comparing the results in Figs. 8 and 9 one may see o
that the 3232 DCA cluster yields more realistic physics — xPSA(Q,w,)=—U(T/No) D > G(K+Q,wy+ wy)
than the corresponding 3232 finite size lattice. The 64 K- m
X 64 finite size lattice results are also close to those for the
32x 32 DCA cluster at slightly lowef (e.g., T=0.055 for
the finite size andlr =0.033 for the DCA. However, since .
the sizes of clusters are considerably smaller than the sizes wifith G defined in Eq(5). Figure 10 illustrates the saturation
lattices, the DCA significantly reduces the complexity of theof yj, for both the DCA and finite size lattices. Thg, for
problem and consequently the CPU time. In terms of thehe 32< 32 finite size latticdfilled circles saturates at higher
CPU time, the FLEX with the numerical Fourier transforms temperatures compared to theX322 DCA clusteropen dia-
scales asVin NV where N is the product of the total number monds, indicating that in the DCA, for a certain cluster size,
of Matsubara frequencies and tkepoints in the first Bril-  the precursor to the phase transition can evolve to lower
louin zone. Hence, using a 382 cluster in place of a 64 temperatures compared to a finite size lattice of the same size
X 64 lattice, both having 1024 Matsubara frequency pointsyith periodic boundary conditions. However, for the correla-
roughly reduces the CPU time by a factor of 4.4. If the DCAtion length&é>L the DCA approximation breaks down and

XE(K,wm), 27
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finite size ———- T=0.10, U=1.0

00 ° _30* T _
“~, Sesis 005 | N=32'32 T=0.10, U=17
¢ o

0.95 - i e

*e

ReX(X,0)

09 . 1
® 32*32 finite size lattice ®
O 64*64 finite size lattice -0.1 !

0.85 -« 16*16 DCA cluster ] -2 -1 0 1 2
< 32*32 DCA cluster * @

X7, =0)

0.8

0 002 004 006 008 0.1 finite size o T-0.10,U=1.0
T 0.05 | N=64"64 —— T=0.10, U=1.7

FIG. 10. The FLEX particle-hole bubbleyf,) at Q=(m,)
andw,=0 for a 16<16 and 3% 32 DCA clustergdiamond$ and
also for 32 32 and 64 64 finite size lattices with periodic bound-
ary conditions(circles vs temperature T aJ/t=1.57. The rela-
tively rapid saturation of the finite size latting,, compared to the ’ ‘ ‘
more gradual approach of the DCA results towards unity is manifest "o 1 0 1 2
[128x 128 finite size lattice results were obtained by Deiszl. ®

(Ref. 9].

ReZ(X,0)

i ; ; . L finite size ———- T=0.10,U=1.0
replacing the self-energy by its coarse grained counterpart is 0 - N=32*32 T=0.10, U=1.7

no longer accurate. Here the DCA takes on a significant
mean-field character.

Another feature of the Hubbard model near half-filling
verified by the FLEX(Ref. 9 is a non-Fermi-liquid behavior.
Here, this is studied by increasing the electron electron inter-
action U at a constant temperature. In Figs. 11 and 12 the
real and imaginary parts of the self-energy at the X p@nt
the noninteracting Fermi surfacbave been plotted versus
energy for finite size lattices and the DCA respectively. As
the interaction is increased, the negative slope in the real part 0.05 finite size o reoto.Ueio
turns positive aroundv=0 which is inconsistent with the ol N=64'64 T0.10 U=17
requirement that the renormalization factor[1l
—9Re3 (kg ,w)/dwl|, -] * should be smaller than unity in
the Fermi-liquid theory. There also appears an anomalous
inverted peak in the imaginary part at=0.

As presented in Fig. 11, by increasing the length of the
finite size lattice, the sharpness of the non-Fermi-liquid fea-
tures is reduced. The same features for the DCA in Fig. 12 2 10 5 0 5 10
are slightly less pronounced, and, in a complementary fash- ®
ion to the finite size lattices, their sharpness is enhanced by
increasing the size of the cluster. Thus, again, the DCA un- FIG. 11. The FLEX realtop two) and imaginary(bottom twq
derestimates the non-Fermi-liquid features while the finiteP@rts of the self-energy at thepoint for 32<32 and 64 64 finite
size calculation overestimates it. size lattices with periodic boundary conditions vs energy Tor

Earlier in Fig. 10 it was shown that the FLEX particle- =0.10 and two different interactiond. The inverted peak ai
hole bubble y.(q,@,=0) at q=Q=(m,7) approaches =0 in the imaginary part and the positive slope in the real part are
ph\4sWm™— TN )

. . . . both signatures of non-Fermi-liquid behavior. For smaller lattice
unity as the temperature is lowered. This causes the spir)- . ST

. h sizes these signatures are more pronounfd@®x 128 finite size
fluctuationT matrix

lattice results were obtained by Deistal. (Ref. 9].

ImXZ(X,w)

IME(X,®)

: (28)  tions. Thus the DCA counterpart of E(@8) is obtained by

only replacingy,n, with xp* defined in Eq(27). Figures 13
which is just the third term iv(P?(q,,,) in Eq. (23) to  and 14 show how this peak sharpens as the temperature de-
peak around the @,w,,=0) point. For real frequencies, creases or interaction increases for finite size lattices and the
T, ,(Q,w) has a sharp peak arouad=0. SinceT,, ,(Q,w) DCA respectively. In the 6464 finite size lattice(cf. Fig.
is only used to construct the irreducible self-energy, within13, bottom), the peak continues to develop as the tempera-
the DCA it is constructed from coarse grained Green funciure is lowered and the interaction is raised.TAt 0.067 and

_3 Xph(q'wm)2
Tg,g(q,wm>—§[m
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ReX(X,0)

CA
Nc=16*16 —

T=0.10, U=1.0
T=0.10, U=1.7

— T=0.10, U=2.1
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All the results illustrated in this section indicate the
complementarity of the DCA to the finite size lattice scheme.
It is also observed that the DCA is capable of reproducing
relatively the same physics as the finite size FLEX at slightly
different parameters but a lower CPU cost. The combination
of these two facts makes this technique a good candidate to
be employed in the numerical treatment of a wide range of
many-body problems.

Lastly, to better understand the effect of the DCA cluster
embedded in a fermionic bath, we can rewrite the course

grained Green function defined in E¢) as

_ 1
. 2
GK.2)= z—e—3(K,2)—-T(K,2) @9

where e, ex=N;/NZgex % andI'(K,z) is the host function.
Maier et al,® defined

tk k= €k+k— €k s (30

wherebyI'(K,z) can be expressed as
N, 5 ~
N 2 iG(K+k2)
k

L(K.2)=— . (31)
JFWc >tk G(K+k,2)
k

By Taylor expandingy . around the cluster points it
is found thatty . i~ O(Ak) with Ak=27/L. Thus Eq.(31)
yields I'(K)~O[ (Ak)?] as Ak—0. To illustrate this, we
calculateI’(r=0,7=0) by summing over all th&k points
and w,, frequencies, and plot it versuak)?. Figure 15 il-
lustrates this linear behavior fdt.=16. N.=1 holds com-

-0 ' ' '
-2 -1 0 1
w
0.1 : ‘
Noomo T=0.10, U=1.0
005 [ O ——— T=0.10, U=1.7
3 — T=0.10, U=2.1
X 2
% 0
()
o
-0.05
-0 :
2 -1 0 1 2
w
0.25 :
; pcA - T=0.10, U=1.0
015 1 Ne=16*16 ——— T=0.10,U=17
3 005 — T=0.10, U=2.1
¥ _0.05 }
W
E o151
—025
~0.35
10 5 0 5 10
(O]
0.25 ‘ ‘
DCA e T=0.10, U=10
015 1 Ne=32+32 ———- T=0.10, U=1.7
3 005 —— T=0.10, U=2.1
¥ _0.05 &
W
E 151
~025 t
~0.35 ‘ :
10 5 0 5 10

FIG. 12. The FLEX realtop two and imaginarybottom twg
parts of the self-energy at the X point for 86 and 3% 32 DCA
clusters vs energy foF = 0.10 and two different interactions. The

non-Fermi-liquid features occur at slightly higher interactions com-

these features become more pronoun@ainplementary to the fi-

nite size lattices with periodic boundary conditipns

plete mean field characters and no nonlocal fluctuatibigs.
=4 is anomalous, as explained in a paper by Bettal®®
There, the finite size cubic lattices with less than(gdur in
two-dimensional square latticeslistinct nearest neighbors
per each site are not used in finite size scalings for estimating
the physical properties of models like the spin one bayf
ferromagnet or the Heisenberg antiferromagnet. Rgr 4,
because of the periodicity of the clusters, each cluster point
is surrounded by two identical nearest neighbors in every
direction and therefore has only two distinct nearest neigh-
bors (cf. Fig. 16. Thus the effect of fluctuations are
overestimated! For N.>4 there is no such anomaly and

hence, all the pomts present the linear behavior proven

above. Nevertheless, calculations with=4 do a reason-
able job in capturing the qualitative effects of corrections to

U=1.6 where there exists a pseudogap in the DOS, the pedke DMFA.
undergoes a significant growth compared to the other graphs

shown in the same figure. The 832 (cf. Fig. 13, top lat-

VIll. MICROSCOPIC THEORY OF THE DCA

tice presents the same behavior with a slightly sharper but

shorter peak.

In Sec. IV we defined the thermodynamic potential func-

The DCA also illustrates the same type of peaks at dional differenceA()(T,u) in terms of the Green function,
slightly higher interaction and lower temperatures for theself-energy, andb[G] [cf. Eq. (25]. In Eq. (13), ®[G]
16X 16 cluster(cf. Fig. 14, top. Increasing the cluster size to includes all the compadfskeleta] Feynman diagrams and
32X 32 gives rise to higher peaks similar to the finite sizethe rest incorporates the entire noncompact contribdtion.
lattices case but unlike the finite size lattices peaks becomé&ypical compact and noncompact diagrams are illustrated in

sharper as the size is increased.

Fig. 17. The noncompact diagrafa) consists of two self-
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90 e -=--- U=1.0, T=0.100 90 ———- U=1.0, T=0.100
finite size ——— U=1.0, T=0.050 finite size —— U=1.0, T=0.050
~ 70 N=32°32 —— U=1.6, T=0.067 ~ 70 N=64"64 o U=16 T=0.067
3 E! '
£ 50 g 50
& 3
s 30 s 30
o o
10 10
-10 -10 -
-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2
w (O]

FIG. 13. The FLEX real part of th& matrix atQ=(m,7) vs energy for 3X 32 (top) and 64x 64 (bottom finite size lattices with
periodic boundary conditions. For the :832 finite size lattice aff=0.067 andU/t=1.6 (solid), we observe a huge peak due to the
formation of a pseudogap in the DOS. By increasing the lattice size xd®84a higher and broader peak occurs at the same temperature.

energy piecessr and ¢’ connected with two one-particle D dimensions, the factdrshould be renormalized &&/D in
Green functions. Removing these two Green functions wouldrder to have a finite density of states widthas: . As a
split the diagram into two separate pieces. In the compadatesult of this renormalization,
diagram(b) two vertex partd” andI’’ with four Green func-
tions are connected together. One can not split this type of
diagrams into two separate pieces by just removing two one-
particle Green functions. As mentioned earlier, in the DCA,
we employ coarse grained Green functions to construct only 2
the compact diagrams. The Green functions in noncompact rfm, (32
diagrams are calculated directly using E26) in which the
self-energy>ca(K,2) is coarse grainefthe circles at the
top and the bottom of the noncompact diagram in Figafl]7
Earlier, in a shorter paper concerning the Hubbard model
in partlcular11 we showed both analytically and numerically
that the error produced by coarse graining the noncomp
diagrams is significantly larger than the error produced b
coarse graining the compact ones. Here, we would like t
give a more general argument in real space. We wish t
emphasize two points in this approach. First, since the deri-
vation of the DCA in this section relies only upon the expo- W 1 , , 1
nential fall off of the Green function as a function of dis- SHTAQnepl~ g ; o(K) o' (K)G(k)*= - EK: ,
tance, it is far more intuitive than the momentum space ¢

G(r)~tr~(1/\/5)r~Df”zze*”rs

meaning thatG(r) falls off exponentially as a function of
In the DCA, we attempt to minimize the error due to
coarse graining the Green functigand potentialsin the
ynman diagrams. Consider the first nontrivial correction to
JF e coarse grained noncompact diagrams generated by re-
lacing the explicit coarse grained Green function lines by
he noncoarse grained ones as illustrated in Fig. 18,

argument in Ref. 11. Second, it ties the derivation of the (33
DCA to the original derivation of the DMFA in the limit of a(K)o' (K)G(K)?,
infinite  dimensions, where similar arguments are
4
employed. where K are the coarse graining cell momenta and K

The exponential falloff behavior occurs naturally in high — ~" . ) _—
dimensions. In the tight-binding Hamiltonidief. Eq. (8)], +k include all the momenta in the first Brillouin zone shown
the factort corresponds to the hopping of electrons among™ Fig- 2. I this derivation we also presume that the self-
nearest neighboring sites. Thus, one could show that the re@nergy isk independent and the entikedependence is em-
space Green functiols(r) (we drop the frequency label bedded in the Green functions. 5
from this point on for simplicity for r nearest neighbor hops By breaking up the sums ové&rin Eg. (33) into K andk
is proportional toG(r)~t" ast—0. On the other hand, sums and writing all thés in terms of their Fourier trans-
Metzneret al. and Muler-Hartmand**®have shown that, in forms at the same time we get

—— —— -

20 DCA ———- U=1.0, T=0.100 90 DCA == 3=1.g. 'Tr:g.sgg
Ne=16*16 =" U=1.0, T=0.050 Ne=32'32 [\ —° =1~ 'T .

5 7 ——- U=1.6, T=0.067 370 ——- U=1.6, T=0.067
g —— U=2.0, T=0.083 3 —— U-=2.0, T=0.083
g 50 E 50
% §
'-E 30 ; 30
& &

10 TN wf

-10 ] _10 ]

-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 [ 0.1 0.2
© ®

FIG. 14. The FLEX real part of th& matrix atQ= (4, 7) vs energy for 1& 16 (top) and 32< 32 (bottom) DCA clusters. Peaks similar
to the finite size lattices appear at slightly higher interactions and lower temperatures. By increasing the cluster size, the peaks grow higher
(similar to finite size lattic@sand also sharpetcomplementary to the finite size lattiges
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‘ 1
}0 } T T T T
| | &—o U=1.57, T=0.10
RS
i
\\
~~ \\
TL 0
- _2 L R
i.i -02 I §
~ -0.4
-3 [-0.6
-0.8
0 0.5 01
-4 L L L L N
0 0.2 0.4 0.6 0.8 1

( Ak/2m)’

FIG. 15. The host functio'(r =0,7=0) vs (Ak)2. The linear
behavior beyondN.=4 is manifest, also see the inset.

1
A ep]~ g 2 0(K)a'(K) 2 Gxy)G(x)
K X1,X2

% e—ii'(X1+X2)e—iK-(X1+Xz)— &
N2

X 2 o(K)o'(K) 2 G(x)G(xy)

K,kq,ko X1,%2

Xefiil»xlefiEZ-XZefiK~(x1+x2)’ (34)

in which we used Eq5) for E(K). According to Fig. 2, we

can splitx=X+X, wherex extend between two separate
clusters whileX always remain within a single cluster. By
making this separation in Eq34) one picks up phases in-

cluding products of-iK-X, —iK-X, —ik-X and—ik-X in
their exponents. The phase associated with the pragt

PHYSICAL REVIEW B67, 085101 (2003

o (k)

I'kk’,q)

G(K) Gk) G(K) G(k+k =q)

(a) o’(k) (b)

FIG. 17. (a) Typical noncompactnonskeletgl and (b) typical
compact(skeletal diagrams.

1
5(1)[Aanp ~N EK: O'(K)U’(K)XE; NZ

A2 Xq1,Xo
X G(X1+X1)G(Xy+Xy)

x e—iK-(x1+x2)z e ik (1)
K

N¢

—— > a(K)a'(K) > >
K X1,X

2
N A2 Xq,Xo

X G(X1+X1)G(Xy+Xy)

W @ K- (Xy+X5) 2 e ikixig—ikpxo.

=2na with n an integer equals unity. The phases involving 5,4
—ik-X products are also neglected as discussed in Sec. II.

Hence, Eq(34) can be rewritten as follows:

X ZK%] X X
'@-0%--® x
X 4 X X
X X X X

FIG. 16. DCA clusters in the real space lattice with=4. Due

to the periodicity of the clusters, points 2 and 4 in squares and 1 and

3 in circles are equivalent and therefore point O observes its nearest FIG. 18.

neighbors twice in each direction.

Ky Ky
(35
Implementing the substitutions
2 e—iE~(;1+;2):£5; s
P N, "1 %2
- - N\ 2
’vz e—lkl-Xle_lkZ'XZZ(N—> 5;1'05;2'0, (36)
kq ko c
Eq. (35 simplifies into
o (9
G G —G G
o’ o’
First correction by noncompact diagrams,

SM[AQ ).

085101-10



DYNAMICAL CLUSTER APPROXIMATION EMPLOYING . .. PHYSICAL REVIEW B67, 085101 (2003

3= r r
X =—(L-1) x=L -
, =
X X X X X/ X X X
X X X X X X X X G G-G G
X X X X X X X X S
NS
X X X X X X X X r r’

FIG. 20. First correction by compact diagrand§i[ AQ,].

L

which indicates the existence of nonlocal corrections to the
noncompact contribution of the thermodynamic potential
even at infinite dimensions.

FIG. 19. Two adjacent clusters with theirandx vectors.

5(1)[Aanp]~ i > (K)o’ (K) > G(X1+X) Now we replace the coarse grained self-energy bubbles in
N K Xy Xp X Fig. 18 with coarse grained vertices having four external
legs, and look at the difference between compact diagrams

X G(X,—x)e K (X1+X2) with and without coarse grained Green functions which are

explicitly shown in the figure. Since we earlier dropped the
. (37 frequency labels in the Green functions, here we use indices
1, 2, 3, and 4 to emphasize that these Green functions have
different frequency labels. The first correction to the compact
Setting (K)o’ (K)=£(K) and performing theK summa-  contribution of the thermodynamic potential depicted in Fig.
tion, 20 is

— > G(X1)G(Xy)e KXutXa)
X1, X

~ ~ 1
6(1)[Aﬂncp]~xg(2 E(X1+Xy) % G(X1+X)G(Xz—X) gl)mgcp]wmkl% (K, Ky, QT (Ky,Ky,Q)
q
—G(X1)G(Xy) X G1(K1)Gy(K2)G3(q)Ga(ky+ko— 1)
1
= D EX1+X) X G(X1+X)G(X—X). TREkSk, | (R QTKLKR.Q)
X1.X3 X#0 0
8 XG1(K1)G(K2)G3(Q)G4(K1+ Ko~ Q),
Knowing that §(X1+X2)=2XU(X)U’(X+X1+X2) and (41)

also that the lowest order af(X)~G3(X)~e 3XI""s we

::orr:;:Iur(]j evg:at 'rl E%E%),r it:e tl;;ir?svstrgonrrlb;;lo: IS hduvsnto where, similar to Eq(33), all the vertices are coarse grained
erms havingg; = =X orin other words, locag. As sho but the Green functions are not. Following the same proce-

in Fig. 19, the first term in the« sum corresponds X dure as for the noncompact difference, we arrive at
=L (size of the clustgrand X can be as large a$=—(L

—1) in the opposite direction. Hence the leading order term

in Eqg. (38) falls off as
g SI[AQ ]~ 2 A(Xy+ X4, Xo+ Xg,X3—Xy)
X7,X

2

SM[AQ o]~ £(0)X 2D X G[L—(L—1)]G[—L+(L—1)] X3 Xy
~2D¢(0)e Yse Ws=2D¢(0)e" s, (39 %S Gy(X1—X)Gp(Xy—X)
X
where D is the number ofX| =L contributions inD differ- g _
ent dimensions of ®-dimensional cubic lattice. In E¢39) X G3(X3+X)Ga(Xs+X)
we also used the fact that due to the lattice symmetry,
G(=X)=G(X). As D—e, usingrs=2/nD, —G1(X1)G2(X2)G3(X3)Gy(Xy) |, (42)

SM[AQ ] ~2DE(0)e "P=2£0)DD 1~ O(1).
(40 where
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A(X1+X4,X2+X4,X3_X4) —00325
1 ) »
=13 I'(Ky,K2,Q)I'"(K1,K2,Q) 0.033
N KK,
. C}& v -
x @ 1K1 (X1 Xg) g =iKa- (X2+X4) g=1Q-(X3=Xy) < et =7 &= T=0.033
-0.0335 |, & H 5— T=0.037
~ &---4 T=0.050
= 2 TOGX X (X X+ Xg, X+ X Xy, X o o T-0.066
XX ¥ #-— T=0.100
-0.034 . . . ‘ . ‘
X 0 0.01 0.02 0.03 0.04 0.05 0.06
2
+X3=Xa). (43 (Ak/2m)

Once again, the largest contribution is associated with local FIG. 21. The compact contribution to the thermodynamic poten-
A, i.e, X;=—X,, Xo=—X, and X3=X,. Therefore, tial vs (Ak)? at U/t=1.57 and various temperatures, using coarse-
grained Green functions. The deviation from linearity at the lowest
~ ~ temperatures hint at the correlation length exceeding the cluster
5(1)[AQCp]~; A0)| 2 Gi(—X=X)Ga(—X—X)G3s(X  gire
X
_ - over the entire 1/2 range is roughly 30%. Coarse graining
+X)G4(X+X) = G1(X)G2(X)G3(X)G4(X) the Green functions in these diagrams can even change the
sign of this noncompact contributions, clearly indicating that
~ ~ coarse graining the Green function is an unrealistic approxi-
=A(0) Z G1(X+X)Go(X+X) mation for noncompact diagrams. However, one notices that
X,x#0 for large cluster sizes the coarse grained and noncoarse
~ ~ grained results approach each other as the approximation to
X Ga(X+X)Ga(X+X). (44 the infinite lattice becomes better.
Consideringx|=L andXj,=—(L—1),
IX. DCA IN FREQUENCY SPACE

SM[AQ ] ~A(0)X2DXGy[—L+(L—1)]G,[ —L+(L
[A%c] ©) il ( NG ( As illustrated for the momentum space, the DCA results

—1)]G5[L—(L—=1)]G4L—(L—-1)] in a significant reduction of the problem complexity and it is
complementary to the finite size lattice approach. In analogy
=2DA(0)e #s=2A(0)D "}, (fs=i), to the momentum space, one could consider dividing the
InD one-dimensional Matsubara frequency space into a number

of coarse graining subcells. For both fermions and bosons,

(45) ! >
. . each cell should include an odd number of frequencies in
which vam;hes ap—ox. _ order for the frequencies in the centers of these cells to pre-
Comparing Eq.(45) with Eq. (40) shows that the first serve Fermionic or Bosonic properties. Figure 23 represents
correction to the compact contribution of the thermodynamichow the frequency space can be divided into coarse graining

potential falls off exponentially twice as fast as the equiva-subcells each comprising a centf®), frequency and a num-
lent correction in the noncompact contribution. In addition,

even at the infinite dimensional limit, there are corrections of 0.001 . .
. . ——- coarse grained G in AQ .

order 1 to the noncompact contribution, whereas for the — non-coarse—grained G in AQ =B
compact diagrams the DCA becomes exact and there are no ol /:"?:;Ef::"*
corrections. This justifies coarse graining only in the com- ozEEEET
pact diagrams. The Green functions in the noncompact dia- ~0.001 /;/;,@;:”"/
grams have to be explicitly constructed from the coarse- g ol
grained self-energ¥ pca(K,w,) using Eq.(26). 9 o002 g,’fz//

In Fig. 21, the compact contribution of the thermody- !
namic potential difference constructed by coarse grained 0,003 &—o T=0.100
Green functions is plotted versus K)?=1/L2. The variation ' == T=0.050
of AQ., over the entire 1/ range is about 1%. At very low 0.004 . | ' o T=0033
temperatures < 0.066 in the insgf some deviation from U0 001 002 003 004 005 0.06

linearity is observed due to the correlation length exceeding (Ak/21t)2
the cluster sizé, and therefore the approximation Bf(k)

by 2 pca(K) begins to break down. Figure 22 illustrates the  FiG. 22. Noncompact contribution to the thermodynamic poten-
noncompact contribution sketched versug?llsing both  tial vs (Ak)? at U/t=1.57 with and without coarse grained Green
coarse grained and noncoarse grained Green functions. Usifighctions. Using coarse grained Green functions can result in a
noncoarse grained Green functions, the variatiod 6¥,, noncompact contribution with the wrong sign.
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(@) %0),, Solve Cluster

e Problem

- 17r -15n-13n-11x-9n -7n-5n-3n-1 © 37 Sm 7% 97 lln 13n 157 170

i / ! ' ! ' G
Q =-1n Q_92 Q-3tr Q_31 Q-9 _1I5n
-3 2 -1 0 1 2
o _3m o -m . ®_ _3® _ 5% _
(BB/:”) (BB/:”) (BB/3) (BB/3) (BB/3) (5[3/3) g - 1(9) =G —I(Q) + EC(Q)
(b) o, _ 1
] I |//\\| I | G(Q)=B_CZ ~
:“lw‘ I II{ I 1‘|1 I ||1‘ 1‘ I|\‘ I Il,_:i p e Q +o-€ex+ - 2YQ)
~l4n -12n -10n- 87~ 67~ 4n-2m (21 4n 6m 8x 10 12n l4n
BB B BBBB B BB BB BB FIG. 24. The algorithm for the cluster solvers such as the NCA
¢ ¢ ¢ # ¢ in which at each step before using the cluster solver the bare Green
Q-2 Q--6m Q-0 Q=61 Q-2 function is calculated by excluding the cluster self-energy. This is
. B , B , P ) P the only step through the algorithm where problems with causality
4T 2T L3 T H
& " “®H "B might occur.
NG Nl NG N
Be Be Be Bc
FIG. 23. Dividing the fermion(a) and bosor(b) Matsubara fre- GO(K,Q,)= Be > GOK,Qy+ )
quency spaces into subcells. The centig] frequencies can be B wn
written in the form of the original lattice with renormalizegi de-
noted asB. (B.= B/3 in this casg _ Be 1 489

BT Qv tio—etp
ber of coarse graining, lying around it. The centraf), o ] o
frequencies can be rewritten in the form of the original latticeThe retarded Green function is derived by the substitution
with renormalized3 shown asB in the figure. Similar to the 1Qy—Q+in:
case of the momentum space, we make the following trans-
formation for the Laue function:

_ Be 1
GAK,Q)=—2 . (49

B o Q+intio,—ectp

A= ¢ —A = 1) . (46
B Puy ongtong— Aoca=Fe S0y 0,540, (46) The theory of analytic functions of a complex variable tells

us that in order for the Green function to remain retarded in
For the Matsubara frequencies of the vertex shown in Fig. the time spaceG9)(K,Q) must not have any poles in the
considering frequency _dependent Interactions in ger(ejal upper half plane of). In Eg. (49), one could readily create
condensed matter physics, most of the interactions are 'nde%%les in the upper half plane for negatiwg which causes
S|mu|taneou§ and thus frgquency mdepen)j.eﬂm a resul, causality violation and consequently unphysical results.
We may again coarse gran the Green function over the sub- The way around this difficulty is to use real frequencies
cell frequencies even at finite temperatures. By invoking real frequencies we

no longer coarse grain over imaginary values. Therefore, the

retarded Green function will never acquire poles in the upper

G(K,Q,)= % > G(K,Qp+ ). (47)  half plane and remains causal as shown below
GraK Q)= 3 -
Accolrding to Fig. 24, the fuII. coarse graining of the Green ~ret™ N, £ Q+o+in+ _€k+M_2ret(KaQ),
function amounts t@B.— 0 which causes all the self-energy (50)

Feynman diagrams ordered higher than fitdartree-Fock
diagram$ to vanish and consequently we arrive at a fully with N, the total number of frequencies ahg, the number
static problem. of those we coarse graining over in each cell. In an article by
Unfortunately, we can show that coarse graining overHettleret al.* a formal proof of causality is givetbased on
Matsubara frequencies can lead to the violation of causalitp geometrical argumenfor coarse graining in the momen-
and as a result, the DCA is not systematically implementabléum space. This proof can be straightforwardly applied to the
for the Matsubara frequency quantities. The simplest exreal frequency space as well and it extends the application of
ample is the noninteracting Green function coarse grained a®al frequency DCA not only to the perturbative cluster solv-
follows:* ers such as the FLEX but also techniques like the NCA.
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Lastly, similar to the momentum space, care must besreen functions over the Matsubara frequencies can and will
taken when choosing the the size of the frequency coarsdead to a violation of causality and therefore is pathological.
graining cells. One must make sure that the cells are ndievertheless, one can coarse grain the Green function over
larger than some characteristic energy scalg. the Kondo real frequencies and preserve the causality not only for the
temperaturel ) as the coarse graining would then suppress=LEX but also cluster solvers such as NCA in which the

the relevant physics. cluster contribution to the coarse grained dressed Green
function is excluded before being inserted into the cluster
X. CONCLUSIONS AND OUTLOOK solver.

) ) ) ) The outlook for the FLEX-DCA approach is promising.

We introduce and examine the DCA in detail by employ- athough the FLEX fails to accurately describe short-ranged
ing it with the FLEX to study the half filled two dimensional physics such as moment formati¢and related phenomena
Hubbard model. The FLEX is not as precise as nearly exaqike the Mott gap, it does a good job describing long-ranged
techniques such as the quantum Monte Carlo approximatiopnysics associated with spin and charge fluctuations. On the
in describing the Hubbard model at strong interaction regther hand, numerically exact calculations such as the QMC
DCA, including its complementarity and convergence com-gre thus restricted to the study of short-length scales. How-
pared to finite size lattice approaches. The DCA and finitgyer, since the DCA gives us a way of parsing the problem
size calculationgwith periodic boundary conditionsboth into different length scales, it may be used to combine the
converge with correction®)(\/L?); however, in our ex-  short-length scale information from the QMC method with
ample the coefficienhpcs was smaller thar\gs, and of  the Jong length scale information from the FLEX. This may
opposite sign indicating that the DCA converges morepe accomplished, by embedding a QMC cluster, of $ize
quickly and from a complementary direction. This comple-into a much larger FLEX cluster of size’>L, which is
mentarity was also seen in other quantities such as thgself embedded in a mean field. As we have shown here, this
pseudogap in the density of state and the non-Fermi liquigypproach should be implemented by approximating the gen-
behavior that the DCAfinite size calculation systematically erating functional®~® gy c(L) — Pr ex(L) + Prrex(L).

under(oven estimates. . _ o Work along these lines is in progress.
We also provide a detailed microscopic definition of the

DCA by inspecting the error generated by coarse graining the
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