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Analysis of the dynamical cluster approximation for the Hubbard model
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We examine a central approximation of the recently introduced dynamical cluster approxitx@ian by
example of the Hubbard model. By both analytical and numerical means we study noncompact and compact
contributions to the thermodynamic potential. We show that approximating noncompact diagrams by their
cluster analogs results in a larger systematic error as compared to the compact diagrams. Consequently, only
the compact contributions should be taken from the cluster, whereas noncompact graphs should be inferred
from the appropriate Dyson equation. The distinction between noncompact and compact diagrams persists even
in the limit of infinite dimensions. Nonlocal corrections beyond the DCA exist for the noncompact diagrams,
whereas they vanish for compact diagrams.
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I. INTRODUCTION As shown by Miier-Hartmanr? the DMFA may be de-

fined by relinquishing the momentum conservation at each
Strongly correlated electron systems are often character- ; Q Co .
. . . internal vertex in®[G].” This conservation is described by
ized by short-range dynamical fluctuations. Consequently, lo; .

AR . . : ~the Laue function
cal approximations like the dynamical mean-field approxi-

mationt—* (DMFA) successfully describe many of the quali-
tative properties. However, in low-dimensional systems, spa-

tial correlations becqme increasingly Important and a9 the DMFA, momentum conservation is completely aban-
thought to be responsible for, e.g., non-Fermi-liquid behavior . -

SO doned and the Laue functiakpypa=1. We may then sum
andd-wave pairing in the cuprate superconductors.

The dynamical cluster approximatiddCA) was intro- freely over all the internal momenta |abels.

. . ; The DCA is constructed to systematically restore the mo-
duced as a technique to include such nonlocal corrections tgo ; . :
56 oy ) . . mentum conservation at each internal vertex by mapping the
the DMFA>® This is accomplished by mapping the lattice |_... .
: lattice onto a self-consistently embedded cluster problem.
problem onto that of a self-consistently embedded cluster, . . . S
: o o e have provided a microscopic definition of the DCA
with periodic boundary conditionfsThe DCA may also be ; . ; .
viewed diagrammatically as an aporoximation which s Stemthrough its Laue function. However, to clarify the relation
9 Y PP Y between this microscopic definition and the cluster problem,

atically restores momentum conservation at the internal ver- ' S !
. . o . ~'we must first decompose the lattice into clusters and define
tices of many-body Feynman diagrams, which is relin-

the corresponding problem in reciprocal space. Here, the real

quished in the local DMFA. Here, we investigate one of theI . o2k
Lo . attice of N sites is tiled byN/N,, clusters, each composed of
central approximations of the DCA: that compaskeletal N,=LP sites whereD is dimensionality and. the size of

contributions to the thermodynamic potential are well ap- : o o
proximated by their cluster counterparts, whereas noncomQIUSters(Cf' Fig. 2 forL =D=2). We label the origin of the

pact (nonskeletal contributions should not be approximated clusters byx and theN_ intracluster sites biX. So for each
by their cluster counterparts. Rather, they should be consite in the original lattice<=X+x. In reciprocal space, the

A= eix'(kﬁkrkfk“):N5k1+k2,k3+k4- 2

X

structed using the appropriate Dyson equation. pointsx andX form lattices labeled b andK , respectively,

with K,=n,2#/L and integern,. Then k=K+k (see
Il. GENERAL CONSIDERATIONS Fig. 2).
Following Baym® a microscopic theory may be defined In the DCA, we first make the separation

by its approximation to the generating functioda G| de- N

fining the thermodynamic potentidétlifference of the sys- A= N—6;1+;2,;3+;4NC5K1+K2,K3+K4 3

tem via €

AQ=0-0y=-2T{XG-In(G/Gp)]+P[G], (1) o (k) I'kk’.)

whereG is the full andG, the bare one-particle Green func-

tion, andZ the self-energy®[G] is a sum of all compact

(skeleta) closed connected Feynman diagrams. The other G(k) G(k) G(k)
contributions to the thermodynamic potential incorporate
noncompact diagrams. Typical compact and noncompact dia-
grams are illustrated in Fig. 1. In the noncompact diagram,
two self-energy pieces and ¢’ are connected with two
Green functions. In the compact diagram, two vertex pirts ~ FIG. 1. (a) Typical noncompaci(nonskeletal and (b) typical
andT’ are connected with four Green functiohs. compact(skeleta) diagrams.

G(k+k ~-q)

(@ o’(k) (b) (kk’.q)
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FIG. 2. The real lattice clustdteft) and the first Brillouin zone where
(right) divided into subcells.
Lo N¢
and then SeN/Nc5E1+k2,k3+k4=1, so that pncp(elaKl;EZ'Kz):W~Z 5(el—eKl+;1)

k.o

Apca=N¢é , 4
A @ X 8(€2 €k ,4k,) Oy K, (B)

which indicates that the momentum is partially conserved for

transfers between the cells. and
In this paper, we consider the approximation made _ _
through the substitutiod —Apc, in the compact and non- Pncpl€1,K1;€2,K2)
compact contributions to the thermodynamic potential. N2
Whenever the substitution is made, all internal legs are re- :_;Z Se1—ex 7)o e2— € 1%)- (9
placed by the coarse grained Green function defined by N % &,
N In the above derivations we assumed that the self-energy
G(K,2)= WC > G(K+k,2). (5) isk independent and therefore the entirdependence of the
k Green function is only through the dispersiergiven by

The corresponding estimate of the self-energy will then nec-

D
essarily be a function oK and (complex frequencyz. The . 2 ~
DCA estimate of the lattice Green function is then given by €x+i= —21/(2D) ngl cogKn+kn), (19
1 which is just the noninteracting dispersion of the Hubbard
G(k.2)= Z— et u—pcaK,2) ®  model Hamiltonian with nearest-neighbor hoppings and di-

. . _ mensionalityD. By the same token, in Fig. 4, for the com-
It is of importance to note that by using E() we have pact part with coarse-grainddandI” we have
already made the approximatior®(k,z)=2pca(K,2)

+ O((Aka)?) whereAk is the size of the coarse graining cell 1
shown in Fig. 2 anda is the lattice constanfchosen as  6W[AQp]~— > 8k, k, v,k (K1.K2,K3,Ky)
unity). We also drop the frequency label from this point on NG El'?
for simplicity. s
XTI'"(Kq,Ky,Ks,Ky)
Ill. COARSE GRAINING

COMPACT VS. NON-COMPACT DIAGRAMS Xfx fw fw " deydedesde,
We investigate the additional approximations associated T
with coarse graining in compact and noncompact diagrams. XG(Kq1,61)G(K,,e0)G(Kgz,e3)G(Ky,e€4)
To do this we will consider diagrams with all legs coarse % K e Koea Karer K
grained, except those explicitly displayed in Figs. 3 and 4. [pep(€1,Kai€2, Ko €3,K3€4,Ka)

Consider the first nontrivial correction to the coarse-grained

noncompact diagrams as illustrated in Fig. 3: ~Pepl€nKii€2,Kai€a, K0, Ky (1)

1 where
S[AQnepl~ - 2 0(K1Kz)o' (K Ky)
c Kp.Kp
Xf f de;de;G(Ky,€1)G(Ky, €2)
X[Ppncpl€1,K1;€2,K3)
~Pnepl€1,K17€2,K2) 6k, ks () FIG. 4. First correction by compact diagrang[A€Q,].
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Pep(€1,K1;€2,Kz €3,K3;€4,Ky)

3

NC
= m E%Z 5( €1 6K1+El) 5( €r— EK2+T(42)
ks kg
X O3~ €icyiky) O €a™ €K ik,) Ok, &y 1Ky ky (12
and
Ep(fl’Kﬁ62,K2;63,K3;e4,K4)
4
Cc
= > dler—ex k) O e2— €4k,
ki.ko
Kg kg
X O( €3~ €K +k,) O €4 €k 4K, (13)

We now define the Fourier transformsméndp with respect

to the energy arguments, e.g.,

\P(S,K)=fjo p(e,K)e'sde. (14

For the noncompact corrections, Eq(14) defines

W oen(S1,K1:82,K2) and W (s1,K1;8;,Ky), respectively.

In order to calculate the difference betwe#hand ¥ in
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é\pncp(flaKl;EZsz)
t2
~— §Ak2[ 7(K1+Ky)

d d
- n(Kl_KZ)]ﬁ_el o€~ EKl)o"_ez o(e3— GKZ)- (16)

Equation (16) demonstrates that the difference between
coarse graining and no coarse graining in noncompact dia-
grams yields an error of ordekk?. After a tedious but
straightforward calculation for the corresponding difference
between coarse graining and no coarse graining in compact
diagrams we obtairsp.,~O(AK®). Since Ak=27/L, for
large clusters this error becomes much smaller than the error
in Eq. (16).

To illustrate the above point we simulate a two—
dimensional Hubbard modéith local interactionU and a
nearest-neighbor hoppint=1) using the fluctuation ex-
change approximatioiFLEX).1° We employ an elaborate
subtraction scheme to correctly deal with the high-frequency
behavior of the Green functions and FLEX potential$n
Figs. 5 and 6 the compact and noncompact parts(@have
been plotted for the interactiod =1.57 for various cluster
sizesL and temperatures. In Fig. 5, it is readily seen that
for the compact contribution with coarse-grained Green
functions the variation of)., over the entireAk range is
roughly 10%. In contrast, as shown in Fig. 6, the difference

finite dimensions, we expand the dispersions and exponefsetween the noncompact contributions with and without

tials as functions ok and keep the terms up thk?. The
difference sV ¢, for the noncompact diagrams becomes

Nncp(S]JKl;SZ!KZ)
t2
~ §Ak2[ (K1 +Ky)

—n(K1=Kp)]sis.exdi(s e, +sp6¢,)], (19

coarse graining generates deviations of over 100%. Note that
at very low temperature@nset in Fig. 5 the deviation from
linearity for T<<0.066 is due to the correlation length exceed-
ing the size of clustet. Then, the DCA assumption of re-
placingX (k) by %pca(K) is no longer valid.

IV. LIMIT OF INFINITE DIMENSIONS

To make contact with the original derivations of the
DMFA,*? we explore the differences between the compact

where 7(K)=1/DXcosK,). Reversing the Fourier trans- and noncompact graphs in the limit of many spatial dimen-

form then yields for the difference of,c, andE1cp

-0.028

-0.03
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FIG. 5. The compact contribution of the thermodynamic poten-

tial vs Ak? using the FLEX method fob) =1.57.
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FIG. 6. Noncompact contributions of the thermodynamic poten-
tial with and without coarse graining fdJ =1.57.
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sionsD. For D—«, we calculateA p for both compact and

noncompact diagrams by simply expandidg and ¥ but
this time with respect to IV instead of Ak®. Letting D
—o0 we can show that

lim W (s1,Kq58,,K5)

D—ow

_ —t2
“‘I’Dﬂwxexr{iAkz[ 7(K2—Kyp)

_77(K1+K2)]5152>- 7

Expanding the exponential in E(L7),

lim W o(s1,K1;8,,K5)
D—o
2

t
1—1—2Ak2[77(K2—K1)

%‘I}DHDOX

—n(Ky+Ky)]siSo+ - - - (18

and, consequently,
lim Sppcp(€1,Kys€2,Kp)
Do

t2
~ 1—2Ak2[ (K= Ky = n(Ki+Ky)]

Jd d— .
_pDHx(eliK1;€21K2)+o(Ak )

e, 75, (19

PHYSICAL REVIEW B 65 153102

there is a fundamental difference between compact and non-
compact diagrams which requires different treatments of
each. Consequently, only the compact contributions should
be formed from coarse-grained Green functions, whereas
noncompact graphs should be inferred from the appropriate
Dyson equation.

Finally, even though we directly invoked the nearest-
neighbor hopping dispersion in our algorithm, our arguments
can be generalized to other models assuming that the Green
function falls off exponentially a&(r)~e~"'"s wherer is a
characteristic length depending on dimensionality. It turns
out that the compact diagrams fall off much faster due to
having a larger number of Green functions relative to the
noncompact ones which again explains why we coarse grain
the Green functions in only the compact part of the free
energy difference. The arguments made here may also be
applied to the DMFA simply by takindN.=1. They also
may be extended to other cluster approaches, such as the
molecular coherent potential approximatiband its formal
equivalent for dynamical systems the molecular cluster dy-
namical mean field®

V. CONCLUSIONS

We justify one of the central underlying approximations
of the dynamical cluster approximation. We both analytically
and numerically demonstrate that coarse graining the Green
functions in noncompact diagrams results in a larger amount
of error compared to that incurred in compact diagrams.
Consequently, noncompact diagrams and their contribution
to the thermodynamic potential are not coarse grained. The
distinction between noncompact and compact diagrams per-
sists even in the limit of infinite dimensions. This concurs

However, for the difference in the compact diagrams aswith previous work on dynamical mean-field theory and has

D— we find limy_,..6¥,=0. Thus, for allAk, there are

implications for other cluster approaches.

nonlocal corrections to noncompact diagrams while there are

none to compact diagrams Bs—«. This result is consistent

with what Muler-Hartmann has shown for the DMFARe-
gardless of whether the expansion parametexksor 1D,
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