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1 Propagators and Correlation Functions for the
One-Dimensional Quantum Heisenberg Anti-
ferromagnet

1. First of all we need to have a look at the time-evolution of the operators of ¢,

and d,; in Problem Set No.3: Using the Heisenberg Representation of Equations
of Motion,

iOycq = Bqcq i) = —Eqcl = cg(t) = e Fale,  cf(t) = ePelch
i0udy = Bydy i01d] = —Eydj = dy(t) = ™', dj () = ey (1)
where

JSN .
E, = - | sin g (2)

Looking back to a4, by operators, which gives,

_ —iBgt iBgt, 1+

aq(t) = e " tugey — e Ftuydy

af (t) = ePrtugel — e Paty,d,

_ —iBqt iBgt, A+

be(t) = e " ugdy — e tugey
bl (t) = emqtuqd;r — e WHaly ¢, (3)

where we define

uq = cosh 6, vg = sinh 6, (4)

the momentum space operators satisfies a Fourier Transformation back to the
real space operators, since the Fourier Transformation only acts on the momen-
tum while does nothing on time variable, the real space operator still satisfies
the relation in Eq.(3).

Now let us consider the correlation functions, there are four possibilities,



(1) n even, n’ even, (2) n odd, n' odd,
(3) n odd, n' even, (4) n even, n’ odd.

First let us consider the case for D4 (q,w):
(1) m even, n’ even, the correlation function is,

D4y(a,a)
—28i(0|T a(n,t)a™t (n',¥)]0) = —i%(NT Z e ", (t) Z ei’mla;(t’) 0)
q p

_ 717 Zefzqn+zpn <0‘T( —iF, tu oCq — 6 tqu;r) (eiEpt’upC;r . efiEpt/vpdp) |0>

pq

(5)

Due to the time-ordered operator T, there are two combinations, on the other
hand, since only operators like cqc;r and dpd;)r acting on the ground state have
a non-vanishing value, we can simplify the above equation as: (Here I begin to
use An=n—n' and At =t —t')

4S8 —ipAn —iE,A iEp, A
Di(a,co:—m;e AT [9(At)e~ Al 4 0(—At)e! PP A2] (6)

Using the definition of the Fourier Transformation,

Di%(a,a) = Y [ d(At) elarnmiwAl DEAT (g q) (7)
Ane

redefine An — n and At — ¢, we obtain,

45 ,
D w(a a ? /dtel(q p)n ) —i(Eptw)t 2_|_9( ) z(Ep—w)t,UIQ) (8)

In the double lattice model we can use the identity,

2 .
N 2 € =6(a,0) ©)
Eq.(8) reduces into:

DL (a,a)
= —QSZ/dt |:9(t)eii(Eq+W)t 2_|_0( ) i(Eq—w)t 2:|

0o 0
99 {/O dt [e—i(Eq-i-w)t—etuﬂ +/ dt [ei(Eq—w)tJretUﬂ }
—o0

2S5 1—|sing] 1+ |sing]
~ |sing] \w—E,+ie w+ E, —ie

(10)




(2) n odd, n’ odd, the correlation function is, almost the same as the conclusion
above, but the little difference occurs at an exchange of two coefficients. Look
back to Eq.(6), the difference results from,

28 1+ |sing| 1 —|sing|
DY¥(b,b) = - 1
£ (0.0 | sin g (w—Eq—i—ie w+ E, —ie (11)
(4) n even, n’ odd, similar steps give the correlation function as,
45i ; ; -
D (a,b) = Wl e~"PA" sinh 0, cosh 0, [e T EPAO(AL) + e FrAY(—AL)] (12)
P
Fourier Transform to the momentum space,
cos q 1 1
D%%(a,b) =28 — 13
£(ab) =257 g (w+Eqie quJrie) (13)
(3) n odd, n' even,
cos q 1 1
D% (b,a) =25 - 14
£ (ba) | sin g| <w+Eq—ie w—Eq—l—ie) (14)

NOTE: the final correlation function, D9 is the summation of the four terms
D%%(a,a), DL“(b,b), DL (a,b), D%“(b,a) therefore we obtain

1 —cosgq) 1 1
Do — 4! - 15
+ | sin g| (quJrie erEqie) (15)

Second, consider the case for D3(q,w):
(1) for both of n and n' are odd or even, this gives,

Dss(a,a) = Ds3(b,b) = —i{0|T'(S — N(n,))(S — N(n',))[0) (16)

Since a4 and b, are the same form except for the interchange of ¢, and d,, we
want to use a4 in this case. To obtain the value for Eq.(16), we have to evaluate:

(0la™ (n,t)a(n, t)]0) = %<O| > ePrat(t) Y e Mag(1)]0) = Q/j %‘ivg(m
and :
(0|Ta™ (n,t)a(n,t)a™ (n',t)a(n’,")|0)

4 T ipn —ign ip'n’ —ig'n’
- F(O|TZ€” af () e Mag(t)Y e ak ()Y e ag (')|0)
P q p’ q’

4 A . 7 . ’
= 32 (US | Peilp—a)(n—n)—i(By+ ) (t—t )uf]) (18)
pq



Let us denote

/7771—
1
2

Thus there are 4 terms of constants in the correlation function Dsg(nt,n't’),
since it gives the d(¢ = 0,w = 0) function in the momentum-space correlation,
we only take out the time-space dependent term out, and keep the §-function
later:

[SIE

¥ &

v =C (19)

4 . ’ . ’
e Z v}gugedp—q)(n—n VmUEBAE) ) [t — ') 4+ O(t' — t)] (20)
Pq

Fourier Transform it back to the momentum space,

T

DES(a,a) = —iNw6(k, 0)5(w,0) (S — 2C)2 + 2 / Tdan g2

1
127 473 qt+3k
5T

1 1
>< J—
<w+Eq_;k+Eq+ék+ie w+Eq_ék—|—Eq+ék—ie>
k,w k,w
D33%(b,b) = D54 (a,a) (21)

(2) For n even and n’ odd, the first three constants keep the same as that in (1)
except for a minus sign; on the other hand, the last term becomes,

—(0|Ta™ (n,t)a(n, )b (n',t)b(n’,)|0)
4 . , L o
= _WMTZ ePrat(t) Z e ""a,(t) Z e PIbE(t) Z €™ by (t)]0)
p q P’ q

4 ~ ) .
=Nz Z (vgvg + Tvquqvpupe_“EﬁEP)At“(p_q)A") (22)
pq

Again, redefine At — ¢t and An — n. What we are interested in is the time-
ordered operator,

4 . )
7 O (vgttgupupe ET DOm0 [g1) 4 (1) (23)
pq

Fourier Transforma back to momentum space, we obtain

1
27 dq
e (Cor piter it gt 1)

DE#(a,b) = —2 /

—ix
1 1

X (Equék—f—Eqék—l—w—i—ie B E(IJF%,C—&—E?IF%,C +w—i6>

iN7T6(k,0)8(w,0) (S — 2C)?

D3i°(a,b) = Diy* (b,a) (24)

+



Finally the total correlation function of D];éw is the summation of all four terms
above,

le

k, 2" dg .

DEw = 2/ ) 751nh9q_%kcosh9q+%k51nh (Hq_%k—ﬁq_%k)
—ir

1 1
X — ‘ (25)
Eq_;'_%k‘i’Eq_%k‘i’(JJ‘i’ZE Eq+%k+E_%k+UJ*Z€

2. Using the Kubo Formula, which is directly related to the Retarded Green
Function, we obtain that

Xt (k,w) = RDE, xa3(k,w) = RD4° (26)
where the Retarded Green Function and Feynman Green Function’s relation is
RDE=RDYF, 3D =sgn(w)3IDF (27)

Both are the same for D3(gq,w) and D4 (q,w).
3. We have obtained this from the first part of the problem,

k,w %Tr dq . :
D3y =2 3 581nh9q7%kcosh9q+%ksmh(quék—9q+%k)

1
571'

1 1
x _ ) 28
Eq+%k+Eq—%k+w+Z€ Eq+%k+E_%k—|—w—Ze

1 —cosq) 1 1
D — 451 —~ 29
+ | sin g (w—Ek—&—ie w—i—Ek—ie) (29)
4. In the limit w — 0, x+(q,w), also known as D%*, is shown above,
1—cosgq) 1 1
Dho — 45t -
+ | sin g| —FE;. +ie E — e
_ 787”(17_008(1) :fﬂ 1 (30)
JN |sing|? JN cos? 4

This equation has a pole when |cos | vanishes, corresponding to the point of
q— .

2 Spectral Function for the Dirac Propagator

1. If the Hamiltonian has translational invariance, then the momentum operator
commutes with the Hamiltonian and the energy eigenstates are the same as the
momentum eigenstates. Inserting a complete set of states,

1= |n)(n] (31)



where |n) is the eigenstate of momentum, in the continuous limit

2

3
S Iel = 0001+ [ 55550 3 (el + b)) 62)

also we require |n) is space-like. For the propagator we are interested, instering
the identity defined above,

i85y (2,') = (0Tt} (2)10) )
= (o — 7)) (b (2 (21)]0) — Oy — 20) (0 (2" ) (2)0)
= o = at) Ol (o)) ol ()0

- 29 b — 20) {0l () ) (nlif ()]0) (33)

where
0ul0) = [ IS by ) 0 )
feY (27_(_)3 w, et p,sUa\ P> p,s Va\lP
— ’ d3p m 2 _ —ip-x + = ip-x
¢a (.’17 ) = (27_(_)3 ; Z (dp,svoc’ (p? S)e + bp,suoz’ (pa 8)6 ) (34)
P s=1

with the commutation relation,

{bps, b;,s,} = (2m)32wpbes0(p — p')

{ o } = (2m)*20,00006(p — 1) (35)
Therefore we have,

(Ot (@) bps) = 2miue (p, s)e "
(Ola (2 dps) = 2T (p, 5)e ™7 (36)
For the interacting case we can also give the renormalization coefficient,
<0|¢a = VZu2mua(p,s)e” " = 2mua(p, $)(0/¢(0)[n)e
(Odar (2)|n) =/ Zn2m0ar (p, s)e™ 7" = 2mva (p, ) (0]6(0)| e~ 7" (37)

In the free case limit 7, = |<O|(;S(O)|n>|2 = 1. To represent the overlap of
free-field’s eigentate and the interacting field’s eigenstate, we need to use the
parameter Z,, = |[{0|¢(0)|n)|?. The correlation function becomes,

iSaw (z,2) = 29 wo — 2)(0fva (@) 1) (n|tbar (2')]0)
- 29 — 20) {0t (a") ) (n]tha (2)]0)



=2m Yy _ |(0]¢(0)|n)|? [9(950 — zp)eipn (2=2) Zua(pns)ﬂa/(pns)]

S

— 2m > [(0[¢(0)[n) [9(% —20)e” PN 00 (pns) Vs <pns>]

(38)
define the density function,
Pl (p) = 2m(2m)* > 5*(p — pn)[(016(0)[n)|? (Z Uq (an)ﬂa/(an)>
Pl (D) = 2m(2m)% >~ 5% (p — pn)1(0]6(0) ) <Z Vo (Pn8) Ve (an)>
p(p) = (2m)* Y 6*(p = pa) (016 (0)|n) | (39)
and,
2m Z U (pna S)ﬂ/a’(pna S) = (Zf"' m)aa’
2m Z Vo (pm S)Ea’(pm 5) = (lf_ m)aoz’ (40)

S

before proceeding to evaluate the correlation function, we want to have a look
at the Aftq(z — ') and Agg(z — 2'): Since from the K-G field,

d3p 1 —ip-xT + ip-x
o(x) = /(27032%) (ape +bye )
Bp 1 . .
+ — - —ip-x + ip-x 41
5@ = [ g e+ o) (a1
and
[ap,at] = (27)°2w,6 (p — q)
[bp, b(ﬂ = (277)32wp53(p -q) (42)
therefore,

3
(e~ ') = 000t ()0 = [ G 0ol ot @)l

7 / dp 1 i (=) _ / d*p 5(popr)eiip_(z7m,)

(27)3 2w, @2r)3 2w,
d4 —ip-(z—z’
= [ 00— b))
d4 . ’
- / (2w];3’5(P2 —m?)f(po)e =) (43)



and

ifgg (e —af) = (Ol6" () ()|0) = / (;if;,g;<0|¢+<m’>|p><p|¢<x>o>

:/ dp 1 e—ip'(z’—m):/ d'p 45(p0+wp)e—ip'(w/—z)

(27)3 2w, (27)3 2w,

d4p —ip-(z'—x

= [ et —m)opye (49)

thus we can obtain the explicit form of AL (z — 2/):

A (x —a',m?) = (0[Tp(x)¢™ (a")[0)
= 0w — 20) (0@ (2)¢™ (2)|0) + 0(z5 — 20) {0l (") b(x)[0)

= O(xo — x0)iAg(x — ') — 0(xf) — 20)iAgo(z — )

d4p 2 2 —ip-(z—z') —ip-(z’ —x)
= (277)36(17 —m?) [G(po)e +0(—po)e (45)

On the other hand, the scalar field Green Function gives,

d4p e—ip‘(m—.r’)

2m)4 p2 — m?2 + ie

AL (2 — 2/ m?) = / : (46)

therefore,

iSE (x— )
dp

- / (@n) [tk ()00 — )™ =) — (af, — o) (p)e™ =]

i\/ d4p 9 3 54 2 9 Ny —ip(z—2")
- W( ) Z (p — pn)[{0]¢(0)|n)] [($0*$0)(%<7+m)aa/e }

- [ e 8 = p) 00O ) [#() = 00— m)ae” )

= / LD 0m) S 55 — ) 016(0) ) (60 + )
(27‘(’)3 - n ao
X [9(10 — Ig)efip(xfx') + 0(xf — zo)efip(xlfx)}
= @+ m [ e
‘p

— 10+ 1) [ g0 Bl — aphe ) 4 0l — a2 )]

(p) [‘9(»’50 - $6)3_ip(33—9c’) + 6 — xo)e—ip(x/—x)}

o) 4
= 0+ m)r [ dspl) [ G50 = 5)0000)

8



X [0(:30 — 2l)ePE=) 4 g(af) — mg)ePE )

= (id+m), . / ds p(s) [0(zo — 2()iAig (x — 2) + 0(zxf — xo)idf (2" — )]
0

= (ig+m), . /0 ds p(s) [0(zo — ()iAfg (@ — 2') — 0(x( — zo)idg(x — 2')]

= (ig+m),, /000 ds p(8)iAkq(x — ') (47)

Finally in conclusion,
+oo
iSho(z,2') = / ds paa (8)iAEq (z — 2, 5)
0

“+oo
-oF paa/(s)
, = _ 4
= iSpa (P) /O ds PR (48)

where we have defined,

paar(s) = (2m)* Y 8(s = ) [0[@(0)[m)[* Y ta(pns S)iar (pn, S)  (49)
n S=1

2. If the vaccuum is invariant under parity transformation we find,
(01T e () e (2)|0) = (0[P~ Tpa ()P () 0) (50)
and
P71S00 (P)P = Suo(P)
= Pilpaa’(P)P = pa(x’(P) (51)
since paos 18 Lorentz-invariant, pa.s can expand in terms of « matrix, and
paa’ (P) = pr(*)Waar + p2(P*)daar + p3(0°) #5)aar + pa(P*) (15)aar  (52)

the parity transformation matrix is

10 0 O
0-10 0
00 -10 (53)
00 0 -1

under the parity transformation the invariant term is

Paa (P) = p1 (pQ)lfaa’ + p2 (p2)5aa’ (54)

therefore in the free case
2

paar = (2m)*6(p* —m®) Y " wa(p, 8)iar (p, 5) = (20)°8(0* — m®) (Y + m)aal55)

s=1

For the free Dirac Theory,

(27)5(p2 — m?)
(2m)3md (p* — m?) (56)

P1 (pg)
p2(p®)



3 Wick’s Theorem

1. We have a 3-component scalar field. And know that under an O(3) trans-
formation, ¢/, (z) = O.p¢p(x) where the matrix O is orthogonal, OT = O~!.
One just needs to see if the product of field operators is invariant under O(3)
transformations:

(a) ¢z )da(x) = dp(2")ObaOupdp(x) = pa(x’)da(x’) This correlation function
has the symmetry of the system and is non-zero.

(b) ¢aPpdp = Ouchdcd) P, because it is the third order of the field operator ¢,
it behaves smilar with ¢,, which does not satisfy the symmetry of the system,
hence the v.e.v should be zero.

(c¢) The correlation function is invariant. When indices are summed over, then
the matrix O, from the transformation vanish. A non-vanishing correlation
function must have paired indices.

2. (b) is already proved to be vanishing, we just need to expand (c). The
non-vanishing contribution must be the operators with indices in pairs.

(OIT G ()P (") (") da(2)|0) = (0T ba(x)Pa(2")|0) (01T b (") 5 (2")[0)
+ 0ab (0T da () d()|0) (O] Ty () fpa (="

(=)0
+ 0ab (01T da ()0 (x")|0) 01Ty (") da (z")]
(

)
0)
57)

4 Reduction Formulas

The photon can be described by transverse EM field, which can be written as,

3
A= [ e 3 A (@t O ek

27T)32k0 N—1.9

Transform back, we obtain

) =i [ d At @0 (N et o) (59)
Thus,
S = (P2, 2 Pl A) = (2%, 2 am M (ps) — a2 (p2)]0) (60)
where

af M (ki) — atd (k)

in out

i [ @ (Al (o)~ Al (@) 00 (ke

. 3 m \) ik-x—ikot
- Z/d x LogmmA ()% (H (k)e )}
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B i/d3gc Lol—l>r£oo‘40ut( )0o (68)(]6)6%""’3_““0‘5)]

_ : T 3. An ) ik-z—ikot
- ¢@(£ﬂwxﬂ%)/d“”@%@twe )
d41‘ 30 A[L )a ( /(i)\)(k)eik-zfikot)}

F

_\/Z/dzlx (—02 A" (2)) <GELA)<k)eik-x—ikot) + AM ()02 <6L/\)(k)eik»z—ikot>]

= —\/%/d%: {(—GSAN(;;;)) (GLA)(k)eikw—ikot) + AM(z)V?2 (GLA)<k)eik-x—ikot)}

\/sz xEI(J)\)(k)eikmfikotaQAp(x)
where we have used
§2etka=ikol — () = k2 = 2
Therefore the S matrix becomes
Spi = <p’i‘“,p°”t i, >

d*zi €M (pi)e” PO (p3, p2t | A¥ () 0)

\/Z
In the same way we can write out the contribution of pion’s,
(P, p2t | A (2:)]0)
[ yty et (3 ) @2+ )
x (01T (y+ ) (y-) A (x,)|0)
Collecting all the factors, we obtain the final result as:
<pi“7p°ut\p A = (p4,p-|Spi, A)

_ _ d4$id4 d4 7e—ipia:1;+ip+y++ip7y7€(>\) ’
7 \/ZT, / y+d'y i (i)

x (0% +m3) (92 +m?2) (97) (01T ¢4 (y+)p— (y—) A (:)]0)

where

hm <b‘AH(CIJO)|a> = \/Z<b|Am/out| >

xo—>F o0

lim (d|¢+(yo)|c) = \/Z<d|¢iin/out|c>

Yo—>F00
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(62)

(63)



