
Lecture 32

Statistical description of data

Modeling of data

• Nonparametric or rank correlation.

• Spearman rank order coefficient.

• Kendall’s tau.• Kendall’s tau.

• Modeling of data.

• Least squares.

• Chi-square



We have discussed the uncertainty in interpreting the significance of the linear 

correlation coefficient r. This leads us to the important concept of nonparametric

or rank correlation. As before we consider N pairs of measurements (xi,yi).

We then replace the value of each xi for its rank among the other xi’s, that is,

1,2,3,…,N. The resulting list of numbers is therefore drawn from a perfectly known

distribution, namely uniformly from the integers from 1 to N. If two xi’s happen to

be the same, there are ways to deal with “ties”, namely assign each number a rank 

that is the mean of the one they would have had if they had been slightly different.

The sum of all assigned ranks is the sum of the integers from 1 to N, namely N(N+1)/2.The sum of all assigned ranks is the sum of the integers from 1 to N, namely N(N+1)/2.

We can now construct statistics for detecting correlations between uniform sets of

integers from 1 to N. There is some information lost in replacing numbers by ranks.

One could conceive of distributions that have correlations that are missed by doing

things parametrically, but of course, they would be extremely special and non-generic.

Let us consider two statistics that have been developed for this purpose, the 

Spearman rank-order correlation coefficient and Kendall’s tau.



The Spearman rank-order correlation coefficient

Let Ri be the rank of xi among the other x’s and Si the rank of yi among the y’s. The

rank-order correlation coefficient is defined as the linear correlation coefficient of

the ranks, namely,
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The significance of a nonzero value of rs is tested by computing, 21

2

s

s
r

N
rt

−
−=

It turns out that rs is closely related to another usual measure of nonparametric

correlation, the so-called sum squared difference of ranks

And the relation between them is

These formulas assume no ties, Numerical Recipes has the generalized ones that can 

handle them.
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Kendall’s tau

Kendall’s tau is even more non-parametric. Instead of using the numerical difference of

ranks it uses only the relative order of the ranks: higher, lower or equal! Which means

we don’t even have to rank the data. It turns out that for most applications τ and rs are

strongly correlated and either can be effectively used.

To define the tau, we start again with N pairs of data points (xi,yi)a nd consider the N(N-1) /2

pairings of data points where a data point cannot be paired with itself and where the 

points in either order count as a pair. We call a pair concordant is the relative order of 

the x’s is the same as that of the y’s and discordant if it is not. If there is a tie in the the x’s is the same as that of the y’s and discordant if it is not. If there is a tie in the 

x’s we call the pair extra-x and if there is a tie in the y’s, extra-y. Then we compute,

x-extra-discordantconcordanty-extra-discordantconcordant

discordant - concordant
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This lies between 1 and -1 takes extreme values only on complete rank agreement 

or rank reversal. Kendall has worked out the approximate distribution of t in the 

hypothesis of no association between x and y. In that case t is normally distributed

with zero expectation value and a variance
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Modeling of data

Given a data set one may want to see how well it fits with a “model” or theory that

depends on certain parameters. For instance a polynomial of a certain degree.

The basic approach is to choose or design a “figure of merit function” (merit function 

for short) that measures the agreement between the data and the model with a 

particular choice of parameters. The parameters of the model are then adjusted to 

achieve a minimum in the merit function, yielding best fit parameters. The adjustment

is therefore a problem of minimization in many dimensions.is therefore a problem of minimization in many dimensions.

There are additional issues that go beyond just fitting the parameters. Data usually

contain errors. We therefore would like to have a way to assess if the model is 

appropriate. That is we need a test of goodness-of-fit against some useful statistical

standard. We also need to know the accuracy with which the parameters are being

determined. In other words, we need a measure of the error in the values of the 

parameters.

Finally, in some cases the merit function has several minima and we may be interested

in the global minimum.



Summarizing, a fitting procedure should:

(i) Provide values for the parameters.

(ii) Provide errors for the parameters.

(iii) Provide some statistical measure of goodness of fit.

If (iii) is lousy, then (i) and (ii) are probably worthless, no matter what are their values.

Unfortunately, most physicists stop at (i)!!!Unfortunately, most physicists stop at (i)!!!



Least squares as maximum likelihood estimator

Suppose that you are fitting N data points (xi,yi) i=1,…,N, with a model that has M

adjustable parameters aj, j=1,…,M. The model predicts a functional relationship

between the measured dependent and independent variables,
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The first thing that comes to mind as a likelihood estimator is to minimize theThe first thing that comes to mind as a likelihood estimator is to minimize the

sum of the squares of the discrepancies,
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This looks intuitively obvious. The quantity that we are minimizing is a sort of

“distance” in functional space for a finite number of data points. But is there a

better foundation for this?



Suppose that each data point has a random measurement error that is independent 

and distributed as a normal (Gaussian) distribution around the “true” model y(x). 

Let us assume that the standard deviations of these normal distributions are the same

for all data points. Then the probability of the data set is the product of the 

probabilities of each point,

∏
=

∆






























 −−∝
N

i

ii y
xyy

P
1

2
)(

2

1
exp

σ

We need to introduce ∆y because the variables are continuous and asking for a 

probability of two values coinciding yields zero, one needs to ask for agreement 

in an interval.

Maximizing the probability is equivalent to maximizing its log, that is maximizing,
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And since N, ∆y and s are constants, we get the same minimization as before.



This derivation teaches us several important things about least squares: it is a maximum

likelihood estimator if the measurement errors are independent and normally distributed

with constant standard deviations.

Notice that we made no assumption about the model. We will soon relax the requirement

of constant standard deviations to yield “weighted least squares fitting”.

We need to ponder the heavy assumption of normal 

distribution. Because of the central limit theorem that distribution. Because of the central limit theorem that 

states that the sum of a very large number of very small 

random deviations converges to the normal  

distribution, it is usually assumed that errors are 

normally distributed. We are taught that data are 

concentrated within one-sigma 68 percent of the time, 

+/-2 sigma 95 percent of the time, etc. This would 

suggest that an error of 20 sigma occurs only once ever 

1088. We all know that errors occur more frequently 

than that.



Sometimes the non-Gaussianity is easy to spot. For instance when measurements are

obtained by counting events, they are usually distributed in Poisson distribution. 

The latter tends to a Gaussian when the number of points is large, but the convergence

is non uniform when measured in fractional accuracy. The more you are out in the “tail”
the larger the number of points needed to have convergence: the Gaussian distribution

invariably predicts that “tail” events occur less frequently than in the Poisson distribution.

Sometimes it is not so easy. Experimental points can diverge wildly due to external 

factors (someone kicked the equipment when that particular point was acquired). 

Points like those are known as outliers. Their probability in a Gaussian distribution is 

so small that the maximum likelihood estimator distorts the whole curve to try to bringso small that the maximum likelihood estimator distorts the whole curve to try to bring

the outliers into line. We will discuss robust methods that can handle non Gaussian

distributions later on. 

Finally, the errors we are considering are statistical errors, the kind that will average

out if one considers lots of measurements. One can also have systematic effects. For

instance, the calibration of a measurement device may be temperature dependent.

If all the measurements are taken at the wrong temperature, no statistical massaging

will correct for the unrecognized systematic error.



Chi-square fitting

If each data point (xi,yi) has its own known standard deviation σi, the formulas

we considered change a bit. The maximum likelihood estimators is obtained by

minimizing the quantity known as the Chi squared,
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Taking the derivative yields,
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And this is a set of M non-linear equations for the M unknowns.

The probability that chi squared exceeds a given value is given by the chi-square

distribution, related to the incomplete Gamma function,
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Fitting a straight line

As an example of what we discussed, let us consider the case of fitting a straight line, 

y(x)=a+bx.  In that case the chi square is,

We minimize with respect to a and b,

It is convenient to define:



The equations become,

And can be readily solved,

We now want to determine the uncertainties in the values of a,b. To do that we use

the formula for the variance of a function,

Finally, we should compute the incomplete Gamma function to see how likely

is the value of chi squared we have.







Summary

• Nonparametric correlation is more robust 

than linear correlation. Either use Spearman 

or Kendall’s tau.

• Modeling of data, properly done, should • Modeling of data, properly done, should 

provide values for the parameters, errors and 

statistical significance.


