Lecture 21

e Multigrid methods: FAS and nonlinear
equations.

e Truncation erro
e Non-linear Newton-Gauss-Seidel.



Multigrid methods:

Last class we introduced the multigrid method. It consisted in
viewing a single Jacobi (or Gauss-Seidel) iteration as a "ftiait
“swept away” high frequency errors of the initial guess. One would
therefore jump up to a coarser grid to get rid fast of low frequency
(long wavelength) errors.

Going back and forth betwe
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One should not use SOR to “relax” in the multigrid method.
Over-relaxation is not as good for killing the high frequency errors
and this is at the root of the multigrid method.

The prolongation and restriction operators need to comply with the
boundary conditions of the problem. If this is difficult, you can always
write the problem as having Dirichlet=0 boundary conditions with
extra source terms as we described.

Full multigrid method:

Instead of starting with a fine mesh and then iterate further with
coarser meshes, the full multigrid method starts with the coarsest
possible mesh. In that mesh you solve the problem exactly. You
then prolong up to a finer mesh, iterate and either keep prolonging
up or go back and forth. Instead of “V” and “W” schemes one ends
with “N” schemes.



The most popular smoothing method is Gauss-Seidel, since it
usually leads to a good convergence rate. If we order points from

1 to N, the GS scheme is,

N
N 1
v

We need to define the “prolongation” and “restriction” opere
One way characterize them is to give their “symbol”. One considers
v, to be one at a given lattice point and zero otherwise and then

gives the values dWv,,.

The most popular prolongation operator is
simple bilinear interpolation.
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The symbol of R is defined by consideringe be defined
everywhere on the fine grid and asking whavisat (X,y)

as a linear combination of the values pf v

The simplest choice is “straight injection” where we copy the
values at the corresponding points on the fine grid onto the coarse
grid.

It is better not to have such an asymmetry in the two operators, but
actually to defin® as the adjoint operator f To define an

adjoint we need an inner product,

(unlon)n = B> Y un(z, y)vn(z,y)
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And the adjoint is defined as,

<'”-'H|P1.’Uh>ﬂ — <PU-H|1-}h>h

Now choose i=1 at (x,y) zero elsewhere and H=2h. One gets
that,

(Rvn)(z.q) = %-s!h(:r.. y) + %-uh(;r + h,y) + liﬁ-rvh(:r +h,y+h)+---
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Multigrid codes are quite elaborate,
In particular in terms of memory
allocation, since one has to juggle
many arrays of different sizes. It

IS the kind of elaborate programming
where Fortran starts to be weak.

For instance the Numerical Recipes
Implementation has to use a routine
that mimics c’s malloc routine.

Since one is obtaining the solution at various levels of meshes with
different spacings, one can combine the multigrid method with
Richardson extrapolation.



Multigrid methods for nonlinear equations:

Suppose you want to solve the discretized eque Ln(un) = f

Let us also assume that you have run a relaxation algorithm in such
a way that you have an approximate solution and the residuals
are smooth. That means that one can find a smgaitich that,

ﬁh(ah + ?)h) — fh
To find the \, notice tha Lx (un +vn) — Ly (un) = frn — Ln(up)

— _dh

Which means that the RHS of this equation is smooth. Therefore
we can bump the LHS into the coarser grid,

Lu(un) — L (Rur) =—Rdr,  The coarse grid correction is,

Lr(upm) = Lu(Run) — Rdp VH = ug — Rup

And therefore we have  goew — 3, 4 P(uy, — Riup,)



We mentioned that the main point of multigrid is to take advantage of
the fast coarse grids to relax the long wavelength modes that dre har
to control with fine grids. Let us look at a different aspect thadtilates
why the method is so powerful.

Let us consider the truncation error (u is the solution to the continuur
equation),

T =Ly (u) — fn or, Ln(u)=fun+T

And define the relative truncation error r, = £ (Run) — RLx (un)
SO1 EH (rufH) — fH + Th fh

And we can view the relajive truncation error as what we need to
add to the source in ordel for the fine grain solution to solve the

coarse-grain equation. Of course, we do not know such quantity,

but we can estimate it ¢ ~ 2 U
utwe can estimate ite - _ . (Ran) — RLL(un)



So making the replacement, we get,

L:H (?LH) — EH (R‘a},) — Rdh

But this is the formula we got for the nonlinear multigrid method.

Deriving the formula in this fashion allows us to understand the
method in a different light. It appears as we are using the informatio
from the fine mesh to improve the solution in the coarse |

Which in turn was helping us speed up the solution of the fine mesh

A piece of jargon: because one is solving for the full solution u
(and not just the error as we did in the linear case) the algorithm
we described is called Full Approximation Storage or FAS.

These algorithms, as you see, rely on pretty sophisticated numeric:
analysis. They were introduced in the late 70’s by A. Brandt.



The truncation error is also useful as a guide as to when to stop
the algorithms. Normally one would like to have residuals that
are small, |d<e. The problem is what &?

A natural measure is to take it to be the truncation error. There’s

no point in requesting more accuracy than that. We don’t quite know
the truncation error, just an approximation to it, however, assuming
things are smooth enough to warrant a Taylor expansion in the steps

= Ln(u) — Ln(un) = k2 (x,y) + - - -
mh= Lu(u) — Ly(u) = (H> = h*)1 + O(h")
And if we are taking H=2h, ther - ~ 1r, ~ 17,

3

So for our error estimate we would havd<4d/3



The only thing we are lacking for fully implementing these methods
IS a non-linear relaxation routine. One possibility is to iteratleeat
level of the equation.

1K* Start with a guess for phi (perhaps=1)
Example: 0%gp=--—_ o | ’
P v 8 ¢7 put it into the RHS and solve Poisson

equation. This gives you a new guess.

Closely related is the non-linear Gauss-Seidel method. Suppose yol
have N equation

Li(ul:...juhf):fﬁ izlj...jN
The method consists in starting with a guess for N-1 variables and,

L;‘ (uh e Uj—1, uﬁ;ww, Ui+1y- .-, uj\r) = fﬁ

If as a consequence of this, we landed a linear equatiof¥tr u
we’re done.



If the equation is still non-linear then one goes
Newton-Raphson, 1d
P new old L’L (’IL? ) — J1i

e T T L (W Jou,

As an example, consider the equatiol vy + * = p
Lluig) = (wit1,j +ui—1,5 + Ui a1 + Ui j—1 — 4’1.-51',3')/}12 + ufj —pij; =0

oL

Ju;

= —4/h2 + 2u;

 L(uay)
—4/h2 + Qui?j

So the Newton-Gauss-Seidel iteratic iy = i

As we stressed last class, the routines that
iImplement all this are quite elaborate. Studying them in detail goes

well beyond the scope of this course, so we will leave the discussion
at a theoretical level. Sorry!




For those of you who use MATLAB, you can easily play with
Multigrid with the MGLab package:

They have an example of a Poisson equation in a 49x49 grid
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Error after post-smoothing, iter = 1

Error after coarse grid correction, iter = 2

Error aﬂﬁr coarse grid correction, iter =3
Error after post-smoothing, iter =2 x 10
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Summary

e Multigrid has various possible
Implementations, but the basic idea is the
same

* For non-linear systems one iterates.



