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We have performed a calculation on the change of the critical temperature T, of a superconducting
host with respect to the change of the concentration ¢ of two-channel Kondo impurities in the limit of
vanishing c. T, suppressions are found for both spin-singlet flavor-triplet and spin-triplet flavor-singlet
pairings for temperatures as low as Tx /T,o> 1, where Ty and T, are the Kondo temperature and the
critical temperature of the host in the absence of impurities, respectively. The suppression is much
larger for the spin-singlet flavor-triplet pairing. We also found empirically that (3T, /3¢ ).—¢ can be ex-
pressed as a product of two functions g (T /T) and f{Ay, @), where Ay and w, are electron phonon cou-

pling and Einstein frequency, respectively.

L INTRODUCTION

Considerable attention has been given recently to the
physics of the two-channel Kondo model

Htck= 2 pmacpma+‘, E S- aaﬁcpmacpmﬁ’ .
p.ma p,p,ma,B

(1

In this model, the operator c;ma creates a conduction
electron of momentum p, orbital channel m, and spin
projection a, and ¢ is the spin-1 Pauli matrix. Here the
channel index m runs from 1 to 2. The electrons, de-
scribed by the flavor m and spin «, interact with a flavor-
less impurity spin S=1. The two-channel Kondo Hamil-
tonian could arise from magnetic impurities embedded in
a host metal when the orbital structure of the impurity is
taken into account.! The channel quantum number is
then the label for orbital quantum number or the label for
partners of the symmetry representation of the ground-
state electron.?

The current interest in the model stems both from re-
cent theoretical advances using conformal field theory,?
bosonization,* and large-N methods>® as well as from ex-
perimental observation of possible two channel Kondo
physics in the alloys Yl <U;Pds,” Th,_ U, Ru,Si,®
Lal_xCe Cu, ,Si,,” and in nanoscale point contact de-
vices. !®!1 In the case of the U ions, an explanation has
been put forward in terms of the quadrupolar Kondo
effect where quantum shape fluctuations between two
equivalent states of the 5f2 configuration on the actinide
ions are screened by orbital motion of conduction elec-
irons in degenerate magnetic states, so that the channel
index is the local magnetic index.!> For the Ce ions, a
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magnetic two-channel Kondo effect in which the channel
label becomes a local orbital index has been proposed. >
For the point contacts, a two-level system Kondo effect'*
has been proposed in which an atom tunnels between two
equivalent sites (the site index becomes the impurity spin
index) with electronic assistance; as for the quadrupole
Kondo effect, the channel index is the magnetic label of
the conduction electrons and conduction orbital motion
screens the atomic hops between sites.

The physics of the two-channel Kondo Hamiltonian is
very different from that of the single-channel Kondo
Hamiltonian. The most important point of the two-
channel Hamiltonian is that the impurity spin is over-
screened by the conduction electrons at low tempera-
tures, and thus it induces an antiferromagnetic interac-
tion between the remaining free conduction electrons and
the overscreened cloud around the impurity spin. This
overscreening leads to a nontrivial stable fixed point at a
finite value of J. As a result, all the non-Fermi-liquid
behavior is exhibited in physical quantities. The ground
state is degenerate with nonzero fraction entropy of the
impurity, Sy, =R In2/2, where R is the universal gas
constant. The magnetic susceptibility and specific-heat
coefficient show logarithmic divergence as the tempera-
ture goes to zero.!>16

Using conformal field theory methods, Affleck and
Ludwig have studied the flavor-singlet, spin-singlet, odd-
in-radial-parity pair field correlations about the two-
channel impurity,*® while Emery and Kivelson have
used Abelian bosonization methods to study the corre-
sponding odd-in-time-reversal pair field correlations,*
subsequently studied with conformal theory.*® Each
study takes into account spin and flavor degrees of free-
dom, and the resulting local pair field susceptibilities are
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predicted to diverge logarithmically in the temperature T
as T—0. However, the flavor-singlet, spin-triplet and
flavor-triplet, spin-singlet pair field susceptibilities do not
diverge for T—0.** The rate of change of transition
temperature with respect to the change of two-channel
Kondo impurity concentration, (3T,/d¢),~q Wwas es-
timated approximately by Cox!7 and Tsvelik,!® and an
enhancement in T, was found. These authors modeled
the interaction by the dynamic two-channel impurity sus-
ceptibility and the two-particle impurity Green’s func-
tion, and the pair-breaking effect was neglected in their
models. The main purpose of the present work is to find
(8T, /9c).—¢ of the host superconductor for two-channel
Kondo impurities using the quantum Monte Carlo tech-
nique combined with the Eliashberg formalism.

An outline of our paper is as follows. We introduce
the Hamiltonian of the superconducting host with two-
channel Kondo impurities randomly distributed in the
system in Sec. II. Quantum Monte Carlo measurement of
the self-energy and effective interaction of the phonon
and impurity are then discussed in Secs. III and IV, re-
spectively. In Sec. V, we derive formulas for calculating
T, and for the change in T, with respect to a change in
concentration ¢ in the limit the concentration approaches
zero. Then we provide tests performed on our numerical
codes in Sec. VI. The results are then presented in Sec.
VII, which is followed by a conclusion. We note that our
approach in calculating T, and the change of T, in
Eliashberg formalism is identical to those of recent works
by {elarrell and co-workers'*?%2223 and Owen and Scalapi-
no.

II. HOST AND IMPURITY SYSTEM

The system we are interested in is a superconducting
host with two-channel Kondo impurities. We assume the
impurities are randomly embedded in the host, and the
impurity concentration is so low that the impurities are
independent of each other. The first assumption allows
us to average any macroscopic quantity over all the
configurations of impurities, and it restores the transla-
tional symmetry of the system. The second assumption
allows an expansion of a macroscopic quantity to the first
order in concentration. *

The Hamiltonian of the system consists of four parts,

H=Hu+H+H,+H, . (2)

imp

The electron Hamiltonian H,; describes noninteracting
electrons and it is given by

Hel= E cpcgmacpma ’ (3)
pmo

where we assume that ep=p2/2me is the bare free-
electron energy (m, is the electron mass), ¢, (c;r,mo.) is
the destruction (creation) operator of an electron with
momentum p, channel m, and spin o with energy €,- The
lattice Hamiltonian H, describes noninteracting phonons
given by

Hi=3 hoglahan+1), @
qr
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where agy (@ LK ) is the destruction (creation) operator of a
phonon with vector g, polarization €, and bare phonon
energy hog,. The electron-phonon Hamiltonian H., de-
scribes the interaction of electrons with phonons given by
H —

t t
ep 2 gpp'k(a(p'—p)h—*-a —(p'—plA )cp’mocpmo > &)

pp’'mic
where g, is the electron-phonon coupling strength.
For simplicity, we assume the Einstein mode for the pho-
nons with frequency w, in the host, and the electron-
phonon interaction g, to be momentum independent.
Generalization of the formalism to a more realistic pho-
non spectrum is straightforward. However it is believed
that the single phonon frequency model captures all the
essential physics regarding the quantity (37T, /9¢),—g.
The impurity Hamiltonian H;,, describes the interaction
of two-channel Kondo impurities with conduction elec-
trons given by
H imp =J E

p,p\m,0,0",R;

i(p—p')R;
S(R; )'aaa’clma’cp’ma’e s

(6)

where S(R;) is the impurity spin at random site R;. The
effects of the Coulomb interaction are to renormalize the
bare free-electron energy and the bare electron-phonon
coupling.?>26 In addition g, is an adjustable parameter
in our (37, /9c), —, calculation; it is not unrealistic to ig-
nore the Coulomb interaction in our model.

The phonon and electron Green’s functions, in the ab-
sence of impurity and the interaction between phonon
and electron, are given, respectively, by

Dyliv, )= —220
0 v =,
" mted @
. | \
Golpuiog)= 1
n " €p

where v, =2n7T, ,=(2n +1)7T, and T is the tempera-
ture.

We need both the conduction-electron self-energy and
the effective electron-electron interaction for the T, and
(3T, /8¢), ~¢ calculations. The self-energy and interac-
tion have two contributions, namely phonon and impuri-
ty. The contributions of phonons can be found analyti-
cally, while the contributions of impurities can be found
exactly by quantum Monte Carlo simulation.

III. SELF-ENERGY
The dressed electron Green’s function is given by
, 1
G(p)iw,)=—7

io,Z,—€, "’

- (8)
where the renormalization factor is defined by
2iw,)

io,

Z,=1 )]

h

The self-energy of the electron 2(iw, ) has contributions
from both phonons and impurities

2(iw,)=2p(io,)+Zp(io,) . (10)
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The self-energy is essentially momentum independent be-
cause the pbonon contribution 2 is known to be only
weakly dependent on the momentum over the range
€,~ g, > and the impurity contribution X, is momen-
tum independent since the impurity interaction is local.

A. Contribution of phonons

By Migdal’s theorem, the contribution of phonons to
the electron self-energy =, (p,i®,) can be approximated
by the single diagram, shown in Fig. 1, to the order
O(m/M). Here m and M are the mass of the electron
and the nucleus, respectively.?’” We implicitly assume the
difference in quasiparticle energies is much less than the
product of the momentum transfer and the Fermi veloci-
ty v, i.e., )

lep—‘ep'I <<l15_:p'lvF . (11)

The phonon Green’s function can be expressed in
“terms of the spectral function B 4(q,®) as

D 4lq,in,)= fO*deaﬁ(q,w)[(iw,.—w)-l
—(io,+w)7] . (12)
In terms of Green’s functions, the 2, (p,iw, ) is given by
. 1
Zpn(prie,)=— Eﬁz "&pp'alp'pp
phn' e
XD plp—pio,—iw,)
XG(p'iiw,) . (13)
Substituting the electron and phonon Green’s functions,
we have
> . )__L <. “’d ]
pa(Pyi@, )= B 2 fo @ 8rpa8ppsBap(P—P" )
app'n’
20 )
(0, — @, )+’
. v

G0y Zy—ey) (14)

The electron-electron spectral function a?F is defined as

&F(p,p",0,)=N(0) S &,alppsBagP—P0,) ,  (15)
o3

s— >=
G(Fiw.) G(P,in,)

G(P,in,)

FIG. 1. The phonon contribution of electron self-energy
2.,(p,iw,). The phonon and electron Green’s functions are in-
teracting Green’s functions in the presence of electron-phonon
coupling.

‘method. To the first order of impurity concentration c,
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?F(w,)={a*F (p,p',0) )¢s

1 2
= > a“F (p,p’,0,)8(€,)8(€y) , (16)
NP 2% TP P
where N(0) is the density of states at the Fermi surface.
Here { - -+ )pg represents an average over the Fermi sur-

face, and energies are measured with respect to the Fermi
energy. The function a?F(p,p’,,) measures the proba-
bility that phonons with frequency o, scatter electrons
with momentum p to momentum p’, while *F (»,) mea-
sures the probability that phonons with frequency o,
scatter electrons from one state on the Fermi surface to
another. Now we make the Einstein phonon approxima-
tion that

?F(w)=N(0)g28(w—ay) , amn
and we have

. d? 1
Eph(p,lw,,)=Tg22f( 2
<

2y GoypZy—e)

20,

X (18)

a2
(@, —o, ) +tog

Integrating with respect to the energy and making use of
the positivity of the renormalization factor, we have the
analytic expression of the self-energy

2N (0)wgr

0y — 0, )+ o}

2 (Do, )=iTgZE' ( sgn(o,) . (19)

B. Contribution of impurities

The contribution of impurities to the electron self-

energy 2y, can be found exactly by the Monte Carlo
29

Zimpl i@ )=€Timpli®@,) , (20)

where Ty, is the t matrix, which can be obtained by con-

sidering a single impurity through the relation
Gliw,)=Gylin,)+Gyliv, ) Tiy,lie,)Gylio,) . 1)

The impurity site electron Green’s function, G (iw, ), in
the presence of a single two-channel Kondo impurity in
the system, can be measured exactly by the quantum
Monte Carlo method,” and thus Ty, can be found by
inverting the equation.

1V. EFFECTIVE ELECTRON-ELECTRON INTERACTION

The effective electron-electron interaction also consists
of phonon and impurity contributions given by

Vel @43 @ )=V (@0, ) F Vi @0y,0,, ) (22)

The phonon contribution can be calculated analytically,
and the impurity contribution can be obtained by the
Monte Carlo method.
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A. Contribution of phonon

The phonon contribution of the effective electron-
electron interaction can be found in terms of Matsubara
frequency by considering the diagram in Fig. 2. By
Migdal’s theorem, the contribution of the diagram is ex-
act to the order of O(m /M), where m and M are the
electron mass and nucleus mass, respectively. Thus ¥V,
is given by

—2w0g5

(@0, —0, *+o}

Vonl@y, 0, )= (23)

In terms of the quasiparticle energy, the phonon contri-
bution to the electron-electron interaction can be found
by substituting

€k=i(0n y
. (24)
€k_q=l(0m y
and the interaction is given by
20083
Voulk,k—q)= s . (25)

(ek—€k_q)2—a}0

Note the interaction V;(k,k—q) is identical to the one
found by the canonical transformation in which the first-
order term in electron-phonon coupling is eliminated. 31-32
Thus V,, is attractive for |e,—€;_q| <o, and repulsive
otherwise. The interaction is attractive because the first
electron pulls the positive ions closer to each other so
that the potential is lower around the distortion. The
second electron takes advantage of the potential and is
drawn near the ions. The effect is that two electrons
lower their energies by staying closer to the ions, but the
interaction is retarded.

B. Contribution of impurity

In addition to the phonon contribution, the impurity
induces an effective electron-electron interaction by po-
larization. In the single-particle Green’s function, the
self-energy specifies the effective one-body potential for a
particle propagating in a many-body system. Similarly,
in the two-particle Green’s function the irreducible ver-
tex specifies the effective two-body interaction between
two particles propagating in a many-body system.** In
the context of Fermi-liquid theory, Landau was able to
establish the direct relationship between the irreducible
vertex of two-particle Green’s function and the quasipar-
ticle interaction parameters. 3

-i P’ i,
D(T’:P,’:(Au;'-;;)_/);< >A/wv‘\<
H,-F i0,F

FIG. 2. The electron-electron interaction induced by the
phonon.
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The local two-particle Green’s function in the frequen-
cy space is defined by

io,, (r|—r))—io, (1-3—7-4)

B

G w,,0,)= fo dry - drse

XA T oAy, m)ANT, 7)) (26)
where the label a denotes the pairing operator. We are
interested in the flavor-singlet spin-triplet operators
defined by
A, (1, 7)=cp(T)ex (7))
ASO(T,T')=T/l—i—[c”(‘r)czl('r')+CN(T)02T(T')] , @D
A, (1,7 )=cyy(T)ey (7)),
and the flavor-triplet spin-singlet operators defined by
As(rr)=cqplr)ey (1),

Afo(’r,’r')=—‘-/l—g[cn(T)Czl(T')+Cz1~('r)cu(1")] . Q8

Af__(’T,T,)=C21(T)Czl(T') .

Here c;, is the electron destruction operator for flavor i
and spin 7 at the origin defined by
3
=[-4r
ci'}’ f (277.)3 cPiY ’ (29)
For  integer m, the  Matsubara  frequency

®,,=(2m +1)/T. The interaction I',(iw,,i®,,) is relat-
ed to the corresponding two-particle Green’s function
GPiw,,io,,) by>

G P iwy,i0,)=FG(i0,)G(—in,)8, .,
—BlG iw,)G(iw,, |’ Tlio,;io,,) .
(30)

Since quantum Monte Carlo simulation measures the
two-particle Green’s function GPiw,,iw,) and the
single-particle Green’s function G (iw,), we can extract
the effective interaction by inverting the above equation.
To the first order in concentration ¢, the integration is
given by**

Vimp @y 0 ) =T lioyio,) . (31)

V. T, SUPPRESSION

We search for the signature of superconductivity of the
superconducting host in the presence of two-channel
Kondo impurities by investigating the divergence of the
static long-wavelength pairing susceptibility when the
temperature is lowered. In particular, we are interested
in the zero-frequency flavor-triplet spin-singlet and
flavor-singlet spin-triplet pairing susceptibilities defined,
respectively, by
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k(0. =0)= [ 3 (ept(re_p (1)
p:p’

XCT_p'll (O)C;'IT (0))(11’ ’

(32)
X0, =0)= [ 3 Ceppy(rle_pyy(r)
p.p

XCT‘p'lT (O)C';'zf (0) )dT .

In the imaginary time space, the susceptibility is a
measure of the probability amplitude of finding a pair of
electrons at time 7 given that the pair was created at time
0. When the system undergoes a superconducting transi-
tion, Cooper pairs will be formed spontaneously. An
infinitesimal perturbation (injection of Cooper pairs)
would lead to the divergence of the static response func-
tion X, (@, =0). This is analogous to the magnetic in-
stability in which the magnetic susceptibility diverges at a
critical temperature. In the following, we derive the T,
equation and (387, /9c), o formula within the Eliashberg
formalism, which takes into account the retardation
effect of the interaction.

A, T, equation

To find the T, equation, it is sufficient to consider a
particular series of ladder diagrams of x, (Fig. 3).
Given the initial pair, the ladder diagrams allow sampling
of other pair configurations under the influence of attrac-
tive interaction. Note that in the diagrams, both the elec-
tron Green’s function and the interaction are dressed
with impurity. If we define the function ¢ and the matrix
A with elements by

3
#(n)= [ 4L_G(p,iw,)G(—p,—iw,) ,
m (33)

3
A(m,n)——v—ng;T%Veg(a)m,wn)
X G (p,iw,)G(—p, ~iw,) ,

then the geometric sum of ladder diagrams is given by

Xdder(, =0)= 3 $(m)A (I~ A) Hm,n).  (34)

mn

The identification of the pairing instability is to find the

Fig,  -Frig Plig -Friq,
A N
ANNNNANN
NANANSANNAN
N
P.ig  -Prig Fig -PB-ig

FIG. 3. The ladder approximation of the static pairing sus-
ceptibility. The straight line and wiggle line are electron
Green’s function and effective interaction V4 dressed with the
impurities and phonons.
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temperature at which the matrix A4 has the eigenvalue of
unity.

The matrix A4 (n,m) is real but nonsymmetric. For
simplicity, we assume Z, is momentum independent. In-
tegrating over the momentum, we have

7N (0)
Z, o,

Alm,n)=—T V@m0, , (35)
where N(O) is the density of state at the Fermi level. For
computational purpose, we transform the old basis x, of
the matrix A4 to the new basis p, such that the new ma-
trix B is real and symmetric.?! Let

'x"
5= , 36
Y VZ, e,
then B is given by (see Owen and Scalapino?!)
B(m,n)=—T TN (0) (37

Verlo,o,) .
/————Izmzn!wmwn eff N Wm sy

Now B is symmetric because Vg(@,,,0,) is symmetric.
For a given set of parameters, the eigenvalue is invariant
under similarity transformations, and hence T, is given
by the highest temperature at which B has largest eigen-
value 1.

B. (8T, /3c), «o formula

To derive a formula for (87T, /d¢),~q, we follow Jarrell
and start with

By=e(T,cly, (38)
with the conditions
e(T,,c)=1,
T (39
yy=1.
Here e(T,c) denotes the temperature- and

conceniration-dependent eigenvalue, and y is the corre-
sponding eigenvector. Setting the total derivative of
e(T,,c) to zero in the limit of ¢ —0 gives

—(de /ac)qu

(aTc/ac)c=o=m . (40)
The normalization of the eigenvector implies
gi =yT _a£ 41
ac ¢=0 dc c=0
and
de T oB
- =y' | . 42)
oT |c=0,T=T, aT c=O,T=Tcy (

In terms of the matrix B, the formula of (37,/8), - is
given by

T,

—y (3B /dc), —o¥y
(3T, /3c), mo="7 =0
y (aB/aTc )c=0y

Recall that Vg =V, + Vip,y,; then (3B /3c). ¢ is given by

(43)
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oB T Zipli®n)  Zplio,)
B ‘ (m,n)=— ﬂ_ INio,,io, )—-!- =2 (;" =P 0" Vonli@y,ia,) | , (44)
c c=0 \/Icomcon[Z,‘,),Z,? 2 lwmzm lwnzn
I

where Z? is the renormalization factor with no impurity
contribution. If we define

172

P 7|,
SR N AN : 45
T (36 /0T,), 20 43
and make use of Eqgs. (37), (38), and (39) we have
NN TN (0)(m, 1)
(aT /aC) =p T
< =0 n’Em lwnwmi
2723, olio,)
Tn” Zimp n” 46)
“  ale,lio,

The function 7, approaches a constant of order unity
for |o,| <<wy, and falls off as w,? for |w,|>>w,, thus
providing a cutoff for a.

VI. TESTS OF THE CODES

These tests on the quantum Monte Carlo code of the
two-channel Kondo Hamiltonian and the code of calcu-
lating the change of superconducting critical temperature
have been performed. Although many physical quanti-
ties of the two-channel Kondo impurity Hamiltonian
have been calculated exactly by the Bethe ansatz, there
are not many that can easily be reproduced by the quan-
tum Monte Carlo method. The first test is to compare
the on-site impurity spin susceptibility ¥, with that cal-
culated in the previous quantum Monte Carlo study of
the single-channel Kondo impurity by Fye and Hirsch. 3¢
To test the two-channel Kondo quantum Monte Carlo
code, we set the impurity interaction in one of the chan-
nels to zero, and calculate the on-site impurity spin sus-
ceptibility.

Table I shows the results of impurity spin susceptibility

y=—2 foﬁd'r( T (nf 1 (nF00,0) .

The parameters chosen (J=1.0 and bandwidth D=2) are
identical to those of Fye and Hirsch. The second and the
third columns are our data from quantum Monte Carlo

(47

TABLE I. The inverse temperature 8 dependence of the on-~
site spin susceptibility ¥ ;. The values of the second and the
fourth columns are the result obtained by shutting off the im-
purity interaction of one channel in the two-channel Kondo im-
purities system, and the result of Hirsch and Fye in the single-
channel Kondo impurities system.

B X7° Error (—/+) X5f Error (—/+)
1 0.975 0.001 0.965 0.015

2 1.806 0.004 1.800 0.03

4 2.942 0.009 2.940 0.06

8 4.067 0.018 4,080 0.32

calculations together with statistical errors, while the
fourth and the fifth columns are those of Fye and Hirsch.
We note that for a wide range of temperature (7=1.0 to
T=0.125), our results agree very well within the statisti-
cal error with those of Fye and Hirsch. In addition, the
local static spin susceptibility measured with our Monte
Carlo code shows the expected logarithmic divergence
for T—0.'%16 We have also compared the one-particle ¢
matrix for low Matsubara frequency and temperature
with the result #(0=0,T=0)=—7/27N (0) anticipated
from conformal field theory.> We find perfect agreement
to within statistical error. These two tests confirm that
we are correctly sampling the nontrivial fixed point phys-
ics of the two-channel Kondo model with the quantum
Monte Carlo code.

Having established the correctness of the two-channel
Monte Carlo code, we proceed to test the (3T, /9c),~¢
code in the high-temperature limit (7°>>J). The high-
temperature test examines the effective interaction contri-
bution to (87,/dc),—¢- In the high-temperature limit,
the impurity-induced effective electron-electron interac-
tions calculated by the high-temperature perturbation
theory are compared with those calculated by the
(8T, /dc),~o code. We choose parameters J=0.5 and
N (0)J=0.25 and compare the results of Monte Carlo
with those of perturbation theory. An estimate of the
Kondo temperature is about 0.0045 J for these parame-
ters. For temperature T=1, we have T /T, =222 and
J2/T=0.25. We thus believe that this is a reasonable
high temperature. The next order of diagrams is the or-

TABLE II. The frequency [w(n)=(2n —1)7rT] dependence
of the impurity-induced effective electron-electron interaction
for the flavor-singlet spin-triplet (top) and flavor-triplet spin-
singlet (bottom) pairings in the two-channel Kondo impurities
system. The second and fourth columns are the Monte Carlo
results, while the third and fifth columns are the perturbation
theory results. The parameters for exchange J=0.5, bandwidth
D=2, and T /T =222. ,

o r*(o,0) T2Yo,0) I'o,—0) I'F4Yo,—o)
—15.708 —0.0150 —0.0156 0.0010 0.000
—9.424 —00152 —0.0156 0.0005 0.000
—3.141 —0.0160 —0.0156 0.0020 0.000

3.141 —0.0160 —0.0156 0.0020 0.000

9.424 —0.0152 —0.0156 0.0005 0.000

15708 —0.0150 -—0.0156 0.0010 0.000

© I'(w,0) TEYe,0) I'w,—0) I'YTYe,—o)

" —15.708 0.0170 ~~ 0.0156 0.0299 0.0312
—~9.424 0.0152 0.0156 0.0303 0.0312
~3.141 0.0150 0.0156 0.0286 0.0312

3.141 0.0150 0.0156 0.0286 0.0312

9.424 0.0152 0.0156 0.0303 0.0312

15.708 0.0170 0.0156 0.0299 0.0312
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der of J*/T3=0.0625, and yet the effective interaction is
not too small to measure.

Table II shows the results of the Monte Carlo simula-
tion and perturbation theory (to the order of J2/T) for
the effective interaction of flavor-triplet spin-singlet pair-
ing and flavor-singlet spin-triplet pairing, respectively.
We present the effective interaction values, in the fre-
quency range, which contribute most to the change of
critical temperature in the Eliashberg formalism. In both
pairings, the signs and the magnitudes of the effective in-
teraction agree well with the perturbation theory. The
flavor-singlet spin-triplet interaction is attractive while
the flavor-triplet spin-singlet interaction is repulsive. The
inelastic effective interactions of flavor-singlet spin triplet
in column 5 of Table II(top) are fluctuations which could
be the contributions of the higher-order diagrams and it
is an order lower than that of J*/T3. For both elastic in-
teractions, the difference between the Monte Carlo and
perturbation theory estimates is less than 8%.

VII. RESULTS OF (3T, /dc). ¢

In this section we present the results of (37, /dc),~¢
for flavor-singlet spin-triplet and flavor-triplet spin-
singlet pairings. The main results are that the induced
electron-electron interaction for flavor-singlet spin-triplet
pairing is attractive for all temperatures, while it is repul-
sive at high temperatures and attractive at low tempera-
tures for flavor-triplet spin-singlet pairing. They all agree
with the high-temperature perturbation theory and the
low-temperature strong-coupling theory.” However, T,
is suppressed in both cases because of the strong pair
breaking induced by the single-particle scattering.

The single-particle contribution suppresses the critical
temperature for all temperatures because it is proportion-
al to the absolute value of the ¢t matrix of conduction
electrons. Physically, impurities destroy the quasiparticle
states and decrease their lifetime. The effect is to
suppress superconductivity.

Though we find enhancements in the critical tempera-
ture for the two-particle contributions with respect to the
change in the concentration of impurities, the magnitude
is very small, compared with the single-particle contribu-
tion for both flavor-singlet spin triplet and flavor-triplet
spin singlet at all temperatures. The overall effect is criti-
cal temperature suppression at all temperatures.

We also find (3T, /9c), =¢ to be a universal function of
Ty /T,y ie., (8T, /3c¢).—( can be expressed as the prod-
uct of two universal functions f{(Ag,w,) and g(Ty /T,,)-
Here T, is the critical temperature in the absence of im-
purities. The result is different from the critical tempera-
ture suppression in the Anderson model; (37T, /dc),—q
can be expressed as a groduct of two universal functions
f(Xg)and g(Tx /T,4). %

A. Pair-breaking contribution of (3T, /i éc)c =0

Figure 4 shows the contribution of the pair-breaking
effect on (37T,/8c).—,. The parameters w,=0.3,
Ap=2.07, and T,=0.0357 are chosen for the two-
channel Kondo case, while the parameters w,=0.3,
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FIG. 4. The temperature dependence of pair-breaking contri-
bution of (3T,/3dc¢).—, in the two-channel Kondo and the
single-channel Kondo impurities systems. For the two-channel
Kondo impurities system, @,=0.3 and A,=0.0357, while for the
single-channel Kondo impurities system ,=0.3 and
2o=3.9126.

Ao=3.91, and T, =0.0625 are chosen for the single-
channel Kondo case. For the single-channel Kondo sys-
tem, the pair-breaking effect increases with Ty /T,.
However, we expect that it will saturate to a constant
value for Ty /T y— . A weak-coupling calculation of
(aT, /3c), ~o on the resonant level model supports this ex-
pectation.®® However, a heuristic calculation at low
T, ,<<Tg was done by Matsuura, Iqbinose, and Nagao-
ka®® and peaks were found in the single-particle and
effective interaction contributions. Note that the work of
Matsuura, Ichinose, and Nagaoka is exact in both limits
T, <<Tk and T,>>Tg, but is inaccurate for T,o~ T.
For the two-channel Kondo model we speculate that the
pair-breaking effect persists even wheri the temperature
goes to zero because the effective exchange grows to a
finite value J*, and the remaining effective spin breaks
the Cooper pairs.

Indeed the renormalization-group picture qualitatively
explains why the pair-breaking effect of the Kondo sys-
tem is larger than the pair-breaking effect of the two-
channel system in the intermediate region of Ty /T,
The difference is that the fixed point of the two-channel
Kondo model is at finite J* while the fixed point of the
single-channel Kondo is at J*=w. The electrons see a
larger impurity potential for the single-channel Kondo
model than the two-channel Kondo model for the same
Ty /T,, since the impurity spin of the single-channel
Kondo model will be quenched gradually, while the im-
purity spin of the two-channel Kondo model will never
be compensated as the temperature is lowered.

B. Effective interaction contribution of (87, /dc¢). —¢

Figure 5 shows the two-particle contributions of
(0T, /3c), =¢ for different Tk /T,,. The Einstein phonon
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FIG. 5. The temperature dependence of effective interaction
contribution of (37, /3¢).—¢ in the two-channel Kondo and the
single-channel Kondo impurities systems. For the two-channel
Kondo impurities system, y=0.3 and A,=0.0357, while for the
single-channel Kondo impurities system «@,=0.3 and
Ao=3.9126.

frequency, electron-phonon coupling, and critical tem-
perature are ©,=0.3, A=2.07, and T,=0.0357, respec-
tively, for both sets of data. For flavor-singlet spin-triplet
pairing an enhancement is found for all temperatures,
while for flavor-triplet spin-singlet pairing suppression is
found at high temperatures, and enhancement is found at
lower temperatures. The crossover is at about the Kondo
temperature and insensitive to the Einstein frequency.
Note that the enhancement of (3T, /0c),=o for flavor-
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FIG. 6. The temperature dependence of (97, /9¢), -, in the
two-channel Kondo and the single-channel Kondo impurities
systems. For the two-channel Kondo impurities system,
©,=0.3 and A,=0.0357, while for the single-channel Kondo im-

purities system w=0.3 and Ay=13.9126.
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singlet spin-triplet pairing is always greater than that of
flavor-triplet spin-singlet. Such behavior is consistent
with the renormalization-group picture. The enhance-
ments saturate very quickly to finite values for both
flavor-triplet spin-singlet and flavor-singlet spin-triplet
pairings. We cautiously note that the fluctuation in the
two-particle effective interaction is quite large, and we
are unable to sample enough data for the quantity be-
cause of the limited amount of computer time, and thus
the fluctuation is larger at lower temperature.

To get some insight, we compared the effective interac-
tion contribution to (37T,/dc),~, of the two-channel
Kondo system with that of single-channel Kondo system.
The symbols + in Fig. 6 are the single-channel Kondo
data with w;=0.3, A;=3.91, and T,,=0.0625. We note
that the qualitative features are preserved if we scale A,
to 2.07, and thus it is meaningful to compare the data
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FIG. 7. The temperature dependence of (37T, /3c¢).—o for
flavor-singlet spin-triplet (a) and flavor-triplet spin-singlet pair-
ings (b) in the two-channel Kondo impurities system with Ein-
stein phonon frequencies fixed.
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with those of the two-channel Kondo system (see Sec.
VIID). _

It is puzzling that the enhancement of the single-
channel Kondo system is much larger than that of the
two-channel Kondo system below Ty /T,,. Physically, it
is not clear that the effective interaction due to polariza-
tion for the single-channel Kondo system is much larger
than that of two-channel Kondo system. However, the
large enhancement of the single-channel Kondo system is
consistent with the Anderson theorem of nonmagnetic
impurity. For temperatures Ty /T,,>>1, the spin impur-
ity of the single-channel Kondo system is essentially
quenched, and it is thus nonmagnetic. As T,—0, the
two-particle effective interaction contribution has to com-
pensate the single-particle pair-breaking contribution.
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FIG. 8. The scaled temperature dependence of (37, /9¢). =
for flavor-singlet spin-triplet (a) and flavor-triplet spin-singlet
pairings (b) in the two-channel Kondo impurities system with
Finstein phonon frequencies fixed.
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C. Total (3T, /3c¢). =0

Figure 6 shows the total (3T, /9c¢),—, for the flavor-
singlet spin-triplet and flavor-triplet spin-singlet pairings
for the two-channel Kondo system. The Einstein phonon
frequency, electron-phonon coupling, and critical tem-
perature are wy;=0.3, A;=2.07, and T,,=0.0357, respec-
tively, for both sets of data. The total (3T, /dc), ¢ for
both flavor-singlet spin-triplet and flavor-triplet spin-
singlet pairings are dominated by the single-particle
pair-breaking contribution. We speculate that the satura-
tion persists down to T,,<<Ty for both pairings since
the effective spin remains at all temperature scales.

On the other hand, the (97,/3c),—, data for the
single-channel Kondo system have a peak right at
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FIG. 9. The temperature dependence of (3T,/dc). = for
flavor-singlet spin-triplet (a) and flavor-triplet spin-singlet pair-
ings (b) in the two-channel Kondo impurities system with
electron-phonon coupling fixed.
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Tx =T, and start to go to zero for Ty > T, which is
consistent with the Anderson theorem and the
renormalization-group result that the effective exchange

*=o0. For these single-channel data, the Einstein pho-
non frequency, electron-phonon coupling, and critical
temperature are wy=0.3, A;=3.91, and T,,=0.0625, re-
spectively. '

D. Universality (8T, /9c). —¢

Both the flavor-singlet spin-triplet (9T, /dc),~, and
flavor-triplet spin-singlet (3T, /9c),=o can be expressed
empirically as a product of two universal functions
g(Tx/T,) and f(Agwq). The universality is demon-
strated in two ways. First we fix the Einstein phonon fre-
quency o, and adjust the electron-phonon coupling
strength A, such that the critical temperature in the ab-
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for flavor-singlet spin-triplet (a) and flavor-triplet spin-singlet
pairings (b) in the two-channel Kondo impurities system with

electron-phonon coupling fixed.
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sence of impurities T, is equal to the temperature T.
Figures 7(a) and 7(b) show two sets of (3T, /d¢), -, data
for flavor-singlet spin-triplet and flavor-triplet spin-
singlet pairings, respectively. Parameters for the first set
are 0y=0.2, Ay=7.194, 0,=0.2, A;=4.416, and ©,=0.2,
Ay=3.204, while parameters for the second set are
©,=0.3, 4,=3.914, 0;=0.3, A;=2.644, and w,=0.3,
Ag=2.071. The first and second sets of data can then be
rescaled to overlap with the data set with parameters
0y=0.3, A;=2.644 by multiplication of constants, as
shown in Figs. 8(a) and 8(b). The multiplication con-
stants depend on A, and @, only, but not on the pairing
channels.

Second, we fix the electron-phonon coupling strength
Ag, and adjust the Einstein phonon frequency w, such
that T,,=T. Figures 9(a) and 9(b) show two sets of
(8T, /dc),=y data for flavor-singlet spin triplet and
flavor-triplet spin singlet, respectively. The first set
(38T, /9¢),—¢ parameters are Ay2.0, w,=0.545, 1;,=2.0,
®,=0.397, and A;=2.0, ©;,=0.312, while parameters for
the second set are Ay=3.0, ©;=0.370, A,=3.0,
®9=0.269, and Ay=3.0, w;=0.211. The first and second
sets of data can then be rescaled to overlap with the data
set of parameters A;=2.0, »,=0.397 by multiplication of
constants, as shown in Figs. 10(a) and 10(b). Again the
multiplication constants depend on A, and @, only, but
not on the pairing channels. Hence, within the regions of
g and Ay explored in this paper, (8T, /3dc), - can be ex-
pressed as a product of two universal functions

(aTc/ac)c=o=f()\,0,fl)o)g(TK/Tco) . (4'8)

VIII. CONCLUSION

We have performed calculations on the change of the
critical temperature of a superconducting host with
respect to change in the concentration ¢ of the two-
channel Kondo impurities in the limit of vanishing c.
The host is characterized by two species of electron. The
calculation is subjected to the Migdal theorem approxi-
mation and controllable statistical and systematic errors.
The method is quantum Monte Carlo combined with
Eliashberg formalism which takes the retardation effect
of the electron-electron and electron-phonon interactions
into account. The limitation of the quantum Monte Car-
lo method is that the calculation cannot be done at very
low temperature.

We found for the temperature region Ty /T,4<35, the
single-particle pair-breaking contribution of (9T, /8c¢), —¢
is a monotonic decreasing function of Ty /T, The
effective interaction contribution of (97,/dc), =g
enhances T, for flavor-singlet spin-triplet pairings, while
it suppresses T, at high temperatures and enhances T, at
low temperatures for flavor-triplet spin-singlet pairing.
For both flavor-singlet spin-triplet and flavor-triplet
spin-singlet pairings, T, suppression is found, and
(8T, /3c), = saturates quickly when Ty /T.,>1. There
is no maximum in (87T, /3¢),—o for Tx /T,;<35, unlike
the single-channel Kondo impurity model. Within the
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parameter ranges we explored, (8T, /dc),~, for flavor-
singlet pairing and flavor-triplet spin-singlet pairing can
be universally expressed as a product of two functions
8(Tx/T) and f(Agwy), where Ay, and o, are the
electron-phonon coupling constant and Einstein frequen-
cy, respectively. ,

Among the extensions of this work worth exploring are
(i) calculation of T, at finite concentrations and (ii) calcu-
lation of T, in the odd-in-time-reversal channel referred
to in the Introduction, assuming the host metal possesses
odd-in-time-reversal pairing.
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