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The first exact calculation of T, in the presence of a dilute concentration ¢ of uncorrelated
magnetic impurities is presented. The shape of T.(c) is universal, T.(c)/Tco=hlcf(Ao)/
N(0)T.0,Tx/Tc0l. The detailed shape of T.(c)/T.o is qualitatively and quantitatively different

from that found by previous approximate theories.

T.(c) depends strongly upon the electron-

phonon coupling Ae. There is no indication of a low-temperature tail of positive curvature for

Tx/To <1,

or the associated third transition temperature 7.3, both predicted by Miiller-

Hartmann and Zittartz. My results agree well with experimental data.

It is well known that magnetic impurities have a pro-
found effect upon the properties of superconductors. In
the Kondo limit they form a magnetic moment which
spin-flip scatters the conduction electrons through an anti-
ferromagnetic coupling. This scattering breaks apart the
singlet Cooper pairs which characterize the superconduct-
ing state. Thus a very small concentration of impurities
can severely reduce the superconducting transition tem-
perature! and even destroy superconductivity. In addi-
tion, the depairing potential which the impurities exert on
the superconductor must compete with the phonon-
mediated pairing potential. Thus the inhibition of T,
must depend upon the relative strength of these potentials.
Since the pairing potential is proportional to the electron-
phonon coupling strength Ao, one might expect the impuri-
ties to inhibit most effectively in the weak-coupling limit
(Ao small).

Previously, I provided the first exact calculations of
(8T./8c) =0, the initial depression of T, by a small con-
centration ¢ of magnetic impurities.>* For several reasons
T.(c) is also of both experimental and theoretical interest.
First, since magnetic impurities strongly inhibit supercon-
ductivity, the inhibition of superconductivity is perhaps
the most sensitive probe of the magnetic state of the im-
purities. Second, calculations -of (87¢/8c).=o0 are not
sufficient to distinguish a material with Tx/T.0>1 from
one with Tk/T.0< 1, where Tx and T,o are the Kondo
and pure host superconducting transition temperatures,
respectively. (87./dc).=o can have the same value in
both regimes. However, T.(c) has a qualitatively differ-
ent structure in the two regimes. Third, when Tx/T o<1,
the system exhibits the most striking and unusual phe-
nomena, that of reentrant superconductivity where for
certain values of ¢ the system exhibits two transition tem-
peratures, Ty > Te2. Finally, T.(c)/T,o is universal.

Both superconducting and Kondo impurity systems
display universality. The Kondo susceptlblhty, resistivity,
etc., depend only upon the ratio T/Tk,* so that the univer-
sal scalc is Tx. Universality in the superconducting sys-
tem is characterized by the law of corresponding states,
and the universal energy scale is T.. Thus perhaps it is
not surprising that a system of magnetic Kondo impurities
embedded in a superconducting host would display univer-
sality. In this system the universal scale is the ratio

4

TK/ TcO-

Here I present the first exact calculations of T¢(c), the
superconducting transition temperature in the presence a
small concentration ¢ of uncorrelated impurities. The cal-
culations are made with a novel combination of quantum
Monte Carlo simulation and Eliashberg-Migdal perturba-
tion theory.® Since I assume the lmpurltles are dilute, I
will ignore all diagrams of order ¢ 2 and higher, which cor-
respond to correlation between the impurities. The Monte
Carlo simulation allows one to account for the Kondo
effect in an exact, nonperturbative way, hence the exact
nature of this calculation in the dilute limit.

In Fig. 1 I show that the reduction of superconductivity
depends strongly upon the electron-phonon coupling g,
with T, reduced most effectively in the weak-coupling lim-
it. As shown in the inset, curves corresponding to
different values of A¢ have the same shape, and hence may
be scaled to overlap. Note the reentrant behavior with
two values of T, for some values of ¢. Figure 2 demon-
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FIG. 1. T./T.o vs ¢™c/(2r)*N(0)T.o for different values of
Ao and corresponding values of wo chosen to keep T.0=0.15.
Lines are added as guides to the eye and the error bars are
roughly the size of the symbols. T./T.o depends strongly upon
Ao; however, by appropriate scaling of the abscissa, the three
overlap, as shown in the inset. Note also the reentrant behavior.
For some values of ¢ two transition temperatures exist.
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FIG. 2. T./T.o vs E, for three different values of Tx/7T.o each
with three values of T.o when A9=2.8. In each of the plots the
three data sets coincide, indicating that the shape of T./T.o is a
universal function of only Tx/Tco.

strates that for a given Ao=2.8, T.(c)/T.o depends only
upon Tx/T.o. Thus, aside from a scaling of the abscissa
demonstrated in Fig. 1, T.(c) is a universal function of
Tx/Teo.

In Fig. 3, T.(c)/T,o is plotted for various values of
Tx/T.o. In each case the T.(c)/T.q is either purely con-
cave (Tx/T.0<1) or convex (Tx/T.0> 1), and for Tx/
T.o=1 is linear. For Tx/T.o<1 the superconductivity is
reentrant. However, in the entire region Tx/T .0 <1 there
is no evidence for the low-temperature positive curvature
tail associated with the third reentrant transition predict-
ed by Miiller-Hartmann and Zittartz® (hereafter referred
toas MHZ).

MHZ first calculated T,.(c)/T.o in the dilute impurity
limit for all values of Tx/T,o using the Nagaoka approxi-
mation. They found that T.(c)/T.o was a universal func-
tion of Tx/T.o, and was purely concave for Tx/T.o> 1.
However, for Tx/T.0 <1, T.(c)/T.o has negative curva-
ture for T, == T,o, and positive curvature for low tempera-
tures. They predicted that the superconducting phase
transition would be reentrant for Tx/T.0<1 displaying
three transition temperatures (T, > T3> T.3). The
third transition results from the low-temperature tail of
positive curvature in T,(c)/T.o predicted when Tx/T.o
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FIG. 3. Three-dimensional plot of T./Teo vs & and Tx/Teo
when Ao=2.8. For Tx/T.o> 1 the curves have purely positive
curvature. For Tx/T.o <1 the curves are purely convex, with no
indication of a low-temperature tail of positive curvature pre-
dicted by MHZ. For Tx/T.0<1 the behavior of T. is reentrant
with two T.’s for some ¢’s.

< 1. No experimental evidence for this low-temperature
tail or the corresponding T3 has been found. Refinements
of the MHZ theory, most notably that by Matsuura, Ichi-
nose, and Nagaoka’ (hereafter referred to as MIN) also
cast doubt upon existence of a third transition. MIN used
an approximate interpolation between the Fermi-liquid re-
gime (Tx>» T.o) to the regime where the Nagaoka ap-
proximation is appropriate (Tx < T.o). Both of these cal-
culations (MHZ and MIN) are in the BCS limit, and pre-
dict no dependence of T../T.o upon Ag.

In the model used here the conduction electrons interact
with Einstein phonons with a coupling strength Aq, and
frequency wg, resulting in a transition temperature, T,g, of
the pure system. The transition temperature is lowered by
a small concentration of Anderson impurities character-
ized by a hybridization width A, an on-site repulsion U,
and a Kondo temperature Tx. For the symmetric Ander-
son model a perturbation expansion gives Tk =0.364
x (ZAU/IL') !/Ze —;zU/SA' 4,8

Calculations of T.(c)/T.o required a combination of
Monte Carlo simulation and diagrammatic perturbation
theory. In the dilute limit the impurities are uncorrelated,
so that each impurity makes an independent contribution
to T.(c)/Tco. The net contribution is simply ¢V times the
contribution of a single impurity (where N is the number
of lattice sites).

Following Owen and Scalapino® one can rewrite the
Eliashberg equations at 7 =T, in terms of a single eigen-
value equation,
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where ®, and o,, are fermion Matsubara frequencies at
temperature T =1/, N(0) is the conduction-band density
of states at the Fermi energy, and G4 and I'y (Ref. 10) are
the one- and two-particle Green’s functions, respectively,
for the isolated impurity. A transition is indicated
(T =T,.) when the largest eigenvalue of this equation first
becomes 1.

The one- and two-particle single-impurity Green’s func-
tions, G, and Iy, are obtained from a Monte Carlo simu-
lation of the symmetric Anderson model developed by
Hirsch and Fye.!! In this simulation the problem is cast
into a discrete path-integral formalism in imaginary time,
7;, where 7;=IAt, At=pB/L, and L is the number of time
slices. I have taken Ar=0.25 and 0.1875 and studied B
values as large as 75, 6 <U <8, and 0.5<A<1.7.
Larger values of 8 were avoided since the computer time
required by the algorithm scales as L>. The systematic er-
rors associated with the finite value of At were estimated
to be typically of order 2% but could be twice that for I'y
at the largest values of U reported here.

The values of U, A, and T,o were chosen so as to remain
in the universal Kondo regime as defined by Krishna-
murthy, Wilkins, and Wilson,* while keeping U small
enough, and A and T, large enough to make the simula-
tion feasible. Thus, although I was able to explore a wide
range of Tx/T.0, I was limited to relatively high T, and
consequently large values of Ag and/or wo.

In Fig. 1 T./T.o is plotted versus &=c/(2x)2N(0)T:o
when Tx/T.o=1/15 for several values of Ag. The concen-
tration of impurities is normalized in this manner to be
consistent with MHZ. Three outstanding features are
demonstrated in this figure. First, the depression of T de-
pends very strongly upon Ag, with the strongest suppres-
sion for small Ag. This reflects the fact that more tightly
bound Cooper pairs are less susceptible to magnetic pair
breaking. Second, all three plots share the same universal
shape, as shown in the inset where the data for the two
smaller values of Ao were scaled to overlap the Ao=2.8
data set. Any difference in shape is probably due to
nonuniversal effects associated with the (unphysically)
large values of @g necessary due to the restrictions im-
posed by the Monte Carlo calculation. I have discussed
this effect elsewhere.? Third, the superconducting transi-
tion is reentrant; for example, when Ao =2.8, there are two
transition temperatures for ¢ =0.9.

In Fig. 2 the universal nature of T./T,o is demonstrat-
ed. Here T./T.q vs € is plotted for three different values of
Tx/T.o when Ao=2.8. In addition, each plot contains
three data sets with values of wg, U, A, chosen to satisfy
the stated values of T, and Tx/T.:o. Since the sets with
the same value of the ratio Tx/T.o overlap, T./T.o is a
universal function of Tx/Tco.

From Figs. 1 and 2 (as well as other data which cannot
be displayed due to limitations of space) one may con-
clude that T./T,¢ is a universal function of the form

T,
TcO

N T Teo @

cfo) Tk ]

The scaling function f(Ao) is the same as that determined
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‘from measurements of (97./c).=o (Refs. 2 and 3) since
NOXOT./9¢) mo=h'(0,Tx/T:0)f (o) . @3)

In Refs. 2 and 3 the function &' is identified as g(Tx/T:0),
and in Ref. 3 f(Ao) is plotted.

In Fig. 3, T./T.o is plotted versus ¢ and Tx/T.o when
Ao=2.8. There are three outstanding features of this plot.
First, as a function of Tx/To, T.(c)/T.o changes continu-
ously from a curve of purely positive curvature (Tx/Tco
> 1) to one of purely negative curvature (Tx/Tco<1).
Second, when Tx/T.0=1, T./T.o is linear down to the
lowest temperatures simulated. Third, by extrapolating
these results to T, =0.0 it is possible to estimate the criti-
cal concentration of impurities, Ccit, necessary to com-
pletely destroy the zero-temperature transition. From
Fig. 3 the minimum of e occurs when Tx/To= .
Due to the necessity of extrapolation it is not possible to
fix the minimum . more accurately; however, it is clear
that the minimum occurs for Tx/T.0 < 1.

When compared to previous approximate results for
T./T.0, my results are qualitatively and quantitatively
different. First, to my knowledge, all previous calcula-
tions of T.(c)/T,.o are in the weak-coupling limit, and are
independent of Ag. My results are strongly dependent on
Ao, as determined by f(Ao), especially when A9 <1 (Ref.
3) where the impurities inhibit T, most effectively.
Second, as seen in Fig. 3 when Tx/T.0 < 1, there is no in-
dication of the low-temperature tail of positive curvature
predicted by MHZ. For example, in the original work of
MHZ, for Tx/T.o=1 the curvature of T./T.o becomes
distinctly positive when T./T.o==0.3, whereas in my re-
sults the behavior is linear down to the lowest tempera-
tures simulated (7./T.=0.06). Similarly when Tx/T.o
=1/4 MHZ predict a transition to positive curvature
when T./T.c=0.2, and my results maintain negative cur-
vature to the lowest temperature simulated T./T.o=0.06.
This tail resulted in a third transition 7.3 when
Tx/T.0<1; however, the appearance of this tail in the
original work of MHZ was probably due to the break-
down of the Nagaoka approximation at low temperatures
Tx/T.> 1. Third, when Tx/Tc.o=1 1 found that T.(c)/
T.o was purely linear, MHZ found no linear region, and
MIN found a region of almost linear behavior for Tx/
Tco == 3,

The qualitative features of my results for T.(c)/Tco
compare well with experimental data. Figure 3 bears a
striking resemblance to the experimental results of Huber,
Fertig, and Maple'? for (La;-,Th,)Ce. They plot T./
T.o vs Ce concentration and x (x =0.0, 0.1, 0.25, 0.45,
0.65, 0.80, 1.00). In this material Ce is a nonorbitally de-
generate magnetic impurity in a superconducting La-Th
alloy host, and Tx/T. increases monotonically with x.
Superconductivity is reentrant for small x. As x and
Tx/T.q increase, the curve T..(c)/T.o changes continuous-
ly from a curve of purely negative curvature, to one of
purely positive curvature. The curvature goes through
zero when x == 0.55, and the minimum value of ¢ falls
at x = 0.45. Thus there are two unique features of agree-
ment between my results and experiment: The smooth
transition from a region of purely positive to negative cur-

" vature in T.(c)/T.o0, and the minimum value of ¢t occurs

for Tx/T.o below the linear region.
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Where an independent estimate of Tk is available, a
quantitative comparison of theory and experiment is possi-
ble. Measurements of the Kondo resistivity for (La;—,-
Th,)Ce,'® when x =0.25 (T, =5 K) suggest that Tk is of
order 2.5 K so that Tx/T.o== 1/2. A best fit to my results
is obtained when Tx/T.0=1/5. In (LaCe)Al; Ce acts as a
nonorbitally degenerate magnetic impurity in supercon-
ducting LaAl, (T.0=3.3 K).! A good fit of this data to
my results is obtained when Tx/T.o==1/25. Low-
temperature susceptibility and nuclear orientation mea-
surements' suggest that Tk is of order 0.1 K, so that
TK/Tco% 1/33.

In conclusion, I have made the first exact calculations
of T.(c)/T,o in the dilute (uncorrelated) impurity limit. I
have shown that the shape of T.(c)/T,¢ is universal,

_1",_._ - cfOg) Tk
Tco N(O)Tco ’ Tco
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The detailed shape of T:.(c)/T.o is qualitatively and quan-
titatively different than that found by previous approxi-
mate theories. In contrast to these theories, I find that the
depression of T, depends strongly upon Ag, as determined
by f(Ao),? and is most pronounced in weak-coupling su-
perconductors. 7,.(c) changes from a curve of purely pos-
itive curvature for Tx/T.o> 1 to a cure of purely negative
curvature for Tx/T.o<1l. There is no indication of a
low-temperature tail of positive curvature for Tx/T.0 <1,
or the associated third transition temperature T3, both
predicted by MHZ. The qualitative features of my results
agree well with experimental data.
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