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1 Symmetries and Conservation Laws

1. Under a global transformation, the scalar field changes while the vector field
not. The variation of these fields are:

5o(x) = ¢'(x) — olx) = i6
56" (1) = ¢ (2) - 6" (x) = —w<z>
5Au(E) = AL () — Au(a) = 1)

The total variation of the Action is,
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In this problem, the variation of vector field is zero, we can obtain the locally
conserved current as:

oL oL
68 = /dd ([ } 5¢ + 0, { 6¢]+cc) 3
"5@,0 " (50,0 )
The classical equations of motion should vanish in the first bracket above,
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The above variation of Action is reduced to:

5= [ (0| 55500+ 5005500 | ) =0 2@ 6

The partial derivative on 6 is zero because of the global transformation. In the
above equation we have defined,
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Now have a look at the exact form of that of the Action:

A 1
S = /ddx ((8“(1)*) (0.0) + teA, (90" @™ — " O ) + (62142 — mg)\¢|2 — E|¢|4 — 4F2)7)
The conserved current becomes, 0,j" = 0,

Ju = 1(0u9") —ieAud7] i — [(9u0) + ieAyug]id” =i [¢(Dyd)" — ¢" (Du9)](8)

2. As 05" =0, we get fddmaﬂj“ = (. Use the Gauss theorem,

/ A%z, " = [5 ds,j" =0 (9)

The surface tends to infinity if the real volume’s coordinates x,y, z — oo. If the
current J vanishes at z,y, z — oo, from Eq.(9) we have,

dSej° = —/ ds-7=0
S(t) S(t)

= dSyj° = (/ —/ ) dSpi° =0 (10)
S(t) V (t+At) V(t)

Therefore doesn’t depend on time, more explicitly,

/ dSOjO:/ dSoj° (11)
V (t+At) V(t)

Since the surface for a fixed 0th dimension — time, is the volume in the real
space, dSy = d3z. Finally we get

[ =0 (12)
V(t)

is independent of time, which is, a constant of motion. From Eq.(8) above, we
can obtain the explicit form for this constant of motion that,

Q= d*zi [¢ (Do¢)” — ¢* (Do9)] (13)

V(t)

3. We want the Lagrangian to be invariant under this local gauge transforma-
tion, that is to make at least (D,¢)" (D,¢) to be invariant under local gauge
transformation.

D¢ = (0, +ieA, +ied,A) (e”¢) = €’ Do + (ied A +i9,0) e (14)
The 1.h.s to be equal to eieDHgb, the second term must be zero. This gives

1
iedu A +i0,0 = 0= A= ——0 (15)



On the other hand, the vector field F),, keeps invariant, so the requirement
above is the only what we need.

F, =0,A, —0,A, = 0,A, —0,A, 4 (0,0, — 0,0,) A = F, (16)

4. Now let us investigate the variation of the Action in the gauge transformation:

o = fata (|55 - 8“6(5;)}5“8“[ <5f¢>5¢’}+”>
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Again the first and third term above in the bracket is 0 due to the classical
equations of motion. The second and fourth term corresponds to the gauge
current. Using 64, = A/u — A, = 0,A and 6¢ = i6¢, 09" = —if¢*, we have the
second and fourth term in the bracket above as follows:

- oo - ] s ().
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Note that, now d,0 # 0 since it is the gauge transformation. Using 0,j* = 0,
and
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the above equation is reduced into:
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68 = / diz (j“@uﬁ = gay (F") 0,0 — eF#"ayaw) (20)

Note that, the above third term is antisymmetric with pv indices in F*¥ while
symmetric in 0,,0,. This term must be vanish.

58 = /ddx (j“ - i@,,F‘“’) 9,0 (21)

This term vanishes since the term in parenthesis is zero by the equations of
motion which follows from the 3rd term in Eq.(17). The real issue is that the
gauge current J*, which is defined by the variation of the action with respect
to the vector field, is forced by gauge invariance to be J* = ej*. Making this
equation vanish, we have to set up the relation,

8, FM = ejt (22)

This equation above, is known as the Maxwell’s Equations. Now let us define
the gauge current J*, satisfying 9,,J* = 0:

JH = 9, FM = Ji = ejh (23)



The difference from j* is the charge e. The associated constant of motion is,
similar with that of problem 2,
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5. Now we are going to consider under a space-time transformation, how the
system reponses,

58S =46 ( / dd:z:£> = / sdizL + / dzoL (25)

Due to a translational transformation of the space-time,
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xr, =, +0r, => - =
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The volume element d*z changes by a Jacobian Determinent:

e =d*zJ, J=

Oz,
det ( o ) ‘ = |det (g}, + 8"6,.)| 27)

The above determinent is, mostly determined by the diagonal terms, g;;. Al-
though 0”dx, CAN have off-diagonal terms and contribute to the determinent,
it is of second-order or even higher. The first-order contribution from 0"z, is,
those diagonal terms of 0”dx,. Let us denote the diagonal term of 0”dx, to be
(0"dz,),,,- Therefore we have the approximation that,

4
J=T[ 1+ (@62,),,) +0 ((6"5xu)2) ~ 1+ 0"z, (28)
n=1

This gives,
sd*x = 0'ox,dte (29)

This is what we want to get in the first term of Eq.(29). Next, consider
5£(x7 d)? 8¢7 A7 6A)7
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0L = 0, Lox" + <
"
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The total change of scalar field and vector field are:

¢'(2') = ¢'(x + 0z) = ¢'(2) + Op(x)0at = $(x) + 06(x) + u(w)dz"
= dr¢p = dp(x) + 8H¢>(x)6;v“
Al (a") = Al (x) + 0, A (x)0x” = Ay(x) + 6Au(x) + O Ay(x)da”

= drA, =0A,(x) + 0, A, (x)dx” (31)



The variation of Lagrangian can be reduced into:

0L =0, Léz" + [M Oy <5£>} 0¢ + 0y <6£5¢> +c.c.

5o "\ 6(0,0) 6 (0u0)

Using the equations of motion, we further reduce it into:

0L =0,Léx" + 0, [6(25(1)) (o1 — &@5%“)] + c.c.
"
5L .
+81, |:5(al/14#) ((STAM — 8QAN(596 ):| (33)

Since the translation transform does not affect the real change of the fields,
including both scalar and vector, the total variation of them, d7¢ = 0, 674, = 0.
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Since 68 = [ d*z (L8"0x,, + 6L), the first term in the variation of Action can
combine with the first term in Eq.(34), resulting:

5(1925595“} +c.c.— 9, {MﬁaAu(SIa] (34)

6£—8H£5x“3u{ LA
vip

(LoMéx), + 0, LoxH) = 0, (Loxt) = 0y (Lghox®™) (35)
Therefore we can further reduce the variation of the Action,
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Define the stress tensor as,
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9" " b* 76”1401 7
50,07 T 50,67 ¢t 50,40 (37)

T = —Lg" +

Which satisfies
0, IT"" =0 (38)

Following the requirement of this problem, to divide the stress tensor into two
parts, one dependent both on ¢, A, and the other independent of ¢, one gets

T (A) = g™ F? 4 FOR A,
TR(A,0) = (D) 0% + D' (0°0) — g (L4 4F?)  (39)

These however, seems not so symmetric as we want. Let us use the prop-
erty that, for an antisymmetric tensor 9, B which is antisymmetric for the



first two indices, then 0,0,B“"” = 0 is always correct. Therefore T =
TH 4+ 0o, B still satisfies 9,T"” = 0. Looking at the two stress tensors
T (A), TH (A, ¢), if we can find some 0o, B**”, to make them transforms into:

T (A) = i g F? — Fro (0Y AP — 9P AY) gag = T (A) + FF*0P A” go 5 (40)
and,
7 * * 1
T"(A,¢) = (D"¢)" D"¢ + D"¢ (D*¢)" — g™ (‘ “1t 2) (41)
Using Eq.(8) and Eq.(23),
TH (A, ¢) = TH (A, ¢) +ieA” (¢ (D"9)" — ¢* DF¢) = TH (A, ¢) + JH A (42)
By Maxwell’s equation, Eq.(22),
T (A, ¢) = T (A, 6) + 0o F"* A” (43)
Combining Eq.(43) and Eq.(40) together, and find
Oa FH*AY + FHY9,AY = 0, (FH*AY) = 9, (BH) (44)

We can find that the newly defined T satisfies GMT " = (. Finally write out
the new stress tensor,

T = (D")" D¢+ D" (D*¢)" — FF*F**goq — g" L (45)

which is not only symmetric but also gauge invariant.
6. The tensor 7" is known as the energy-momentum tensor. The corresponding
constant of motion is defined to be the Hamiltonian and Momentum.

H = /d%TOO - /d3x ((D%)* D% + D° (D) — FO g, — £)
= /d% (H*H + (D) (D) + V(p) + % (E* + BQ)) (46)

In the Hamiltonian above, the first three terms are the scalar field energy, and
the fourth is the EM field energy. The Momemtum is,

pr = /d3a:T0“ = /d% ((D°6)" D6+ D% (D6)" — FOFrog,, )
= /d% ((D°6)" D6+ D°6 (D")" + (E x é)“) (47)

The first two are the scalar field momentum while the third is the EM field’s
momentum.
7. The coordinates transforms as below:

xL =2, +wr’ = 0z, = wya” (48)



For a scalar field, note the field itself is independent of the change of the space-
time. Therefore the following relation still satisfies:

Srp =0 (49)

However, this is not correct for that of the vector field. Consider the special
case that the space-time only has the Lorentz Transfomation, thus we have the
total variation of the vector field as,

A = NIAY = Sp A, = (N — gh) A, = Wi A, (50)

This is what the total variation is for the vector field. For other kinds of space-
time transformations, no matter how it changes, the total variation of vector
field keep the same form as Eq.(50). On the other hand, what we need in use,
is 0A,, and d¢:

8¢ = 01 — Oqpdx® = —0ppdx®
0Ay = 07A, — 0aApdzr® = wyAy — Ou Aydz® (51)

Now let us proceed to explore the variation of that of the Action,

5L oL
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Which could be further reduced into,

oL oL oL
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The variation of Action again should be froced to be 0 for an arbitrary wg. This
requires the partial derivative to be zero in Eq.(53). However, one should note
that since w*” and w”* or NOT independent, the equation below is NON-zero:
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Oy {(ﬁga 5(8#¢)8a¢+ c.c. 5(5HA,,)8QAV) x3 + 5(8#/1,,)9’6”144 £0
(54)

Becasue another term, with «, 8 indices exchanged, to be the opposite value of
Eq.(54). Thus we can reach the conclusion that,
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Recall Eq.(37), the definition of stress tensor due to the translational change of
the space-time, T"¥, we find:

(1) The first bracket in Eq.(53) corresponds to —T#*, and —T*® respectively
(because 0, B**” = 0 if B**” is antisymmetric in the indices p, a).

(2) The second term is the extra term which cannot be seen in translational
change but can be seen in Lorentz transformation. This is because érA, # 0
in Lorentz transformation.

Now it is the time to define the conserved tensor M#**? satisfying oM palB — 0,

oL oL oL

MHPaB — (£ poe o -I—C.C.—aaAV):EB-‘r an
R TEwS R 5(OpAy) 50, 4,)°
5L 5L 5L
— (Lg"? - Po+ce — 8'8Al,> T — g AP
( T 5(0,0) ¢ 3 (0,4, 5(0,4,)"
(56)

Plugging in the full form of Lagrangian, and use T instead of T', we get

MHeB — TuBya _ ppagf (F/JBAQ _ FuaAB)
M#reB — Trb g _ regf (57)

The spatial part of the stress tensor shows the spatial angular momentum of
the total angular momentum. The second part is the EM vector field angular
momentum. The antisymmetricity of M#*# implies the symmtricity of T+,

8. (A)In HW-1 we showed that the lowest energy states can be approximated by
freezing the amplitude mode p = pg, now let us consider the quantum fluctuation
of the phase w(x) and A,. The gauge current is just to take the derivatives on
the phase term w,

JH = 2ep? (0Fw + eAM) (58)

(B) The total energy corresponds to the Hamiltonian, H,
E= /d% [pg (Bow + eAo)? + 2 (B + eA)? + V(p) + % (B + BQ)} (59)
(C) The linear momentum is,
P = /dSLE [ng (0% + eA®) ('w + eA") + (E_” X B?)Z} (60)

9. The analytic continuation to imaginary time of this theory is, to use the Wick
rotation ¢t — —i7, and dy — i0,. However, under the Wick rotation the inner
product of 9, and A" between Euclidean and Minkowski space-time should be
similar with that of the inner product of x,, and z*, this results in

s?\/lth—ﬁ—yQ—zQ, 52E=—t2—a:2—y2—z

OuAhy = OoAo =V - A, 9, A =0, idy —V-A=-0:4 -V A (61)
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Plug these two relations back into Eq.(59), we get:
1
Ep = /d3x [pg (Bow + eAo)” + pa (Dw + eA)* + V(p) + 5 (E* + B?)| (62)

This implies that under the Wick rotation, the vector field changes as

-, -,

Al = (@, A) > A% = (i®, A) (63)

Now the energy becomes in the Minkowski space,

Ey = /d3x [—,0(2) (Bow + eAp)® + p2 (Biw + eAy)” + V(p) + % (E* + BQ)}M)
And the path-integral becomes in Minkowski space, (dr = idt)

7 — /nge%s _ /D(be% fd4z(p(2,(80w+eA0)27pg(BinreAi)sz(p)f%(E2+BQ))(65)

In Minkowski space-time, the path-integral’s exponential term is the Lagrangian,
while in Euclidean Space-time, it is the Hamiltonian. In Euclidean space-time
the dimension is 1 less than that in Minkowski space-time, because the tem-
perature is the time-dimention in Minkowski space-time. Thus if we call the
dimension in original space-time — the Minkowski space-time to be D, it is
d+ 1= D in Euclidean space-time, i.e., the classical statistical system.



