« General Relotiviey and Grovitagion, Vol 7, No. 10 (1976), pp. 805-808

A Simplified Form for the Hamiltonian and
Lagrangian of the Spin-Independent Gravitational
Two-Body System

R. F. O'CONNELL'

Laboratoire de Physique Théorique et Hautes Energies,” Université de Pariy XT,
Q1403 Chrgay, France

Received: 2 March 1976

Absrracr

In general, the gravitational 1woe-body Hamiltondsn, 1o order €72, cantains GP?, G(P - 1)%,
and G terms. We have previously shown [4-6] that a proper cholee of coordinate system
enables ane Lo climinate the G(P - £)* term. We now show that, making use of energy con-
servation, and coordinate transformations, we can eliminate either of the remaining two
termy. In purticular, we are able to write down a Hamiltontan and a Lagranglan that con-
fatn no mixed potentisl and kKinetic terma

The gravitational two-body equations of motion [1], to order ¢, may be
derived from a Hamiltonian [2], which in general contains GP?, G(P - r)?, and
G* terms [3]. In our work on the generalization of the two-bady problem to
inelude spin and rotation effects [4-6] , we used 1 coardinate system in which
the G(P - )" term did not appear. We now show that it is possible to eliminate
gither of the remaining 1wo terms, by making use of energy conservation and
transformations in both the spatial and time coordinates.

The potential energy which we have used contains velocity -dependent terms,
However, since these occur in higher order, we may modify their form by using
the energy-conservation equation in lowest order, viz.,

Pif2u=Cmymyfr+ E {1}

where & is g constant.
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Substituting equation (1) into equation (10) of reference 5, we obtain for
the complete (7 term in the potential

where
B=i+(4+3L"'-+7“ﬂ)3‘%- (3)
dms  2my [ Mc
is another constant, Rearrangement of terms in equation (2) leads us to
= - S [H ' (; + ;—":)%ﬂ )
In addition, from equation (11) of reference 5, we have for the G? term in
the potential
o G, MY o
Thus, the total potential energy , to order ¢ is simply
VEV, 4V E%"—’ [B+(3+%f)%] (6)
The corresponding Lagrangian is
L=T-V (7
where ¥ is given by equation (6) and [5]
T=4 wo® +(1/8c7) (1 - 3p/M) po’ (8)
Now set
F=(r/B) and  f=(1/B) (9)
50 that
v=—@[1+(3+%)%-,;—4 (10)

However, since # appears in the highest-order term In equation (10}, and recog-
mizing from equation (3) that B is unity to lowest order (since the total energy
E < Mc?), we may replace B by unity in equation (10). Finally, dropping the

prime, we have
V=- —c'm:ml ll + (3 +Ef) E‘f—] (11)
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In other words, we have eliminated the velocity-dependent terms from the
potential. We note that the transformation to ¢’ leaves ¥ unchanged, whereas
the combined transformation leaves the kinetic energy unchanged.

Actually, the o* term appearing in T can be rewritten, by use of equation
{13, and by recognition of the fact that P = uo to lowest order, to give

| au\ [Cmym, GM  EGmymy E?
=—ur® +{1-— . t
d Yk (I M) [ r 2% ure? 2ue? (12)

As before, we can effectively eliminate the £ term by a scale transformation in
the r coordinate |compare equations (3), (6), and (11)] , making a corresponding
scale transformation in the time coordinate to ensure the ¢? term remains un-
changed. In addition, the £7 term can be dropped as it only adds a constant
ferm 10 the Lagrangian, which does not affect the equations of motion.

Thus, in essence, the total two-body Lagrangian, to order ¢ %, may be writ-
ten simply as

IGM
1325 ) (13)

cr

i _-1_ HU? i Gimny g (
2 r

The corresponding Hamiltonian is

P Gy 30M )
It follows immediately that the equation of motion is

. GM HGM .

i 36 Lo ot (15)

where the dot denotes the time derivative.

The correctness of our results may be verified by calculating the periastron
precession. In contrast to the methods used in most textbooks, this may be de-
rived simply and elegantly by use of the Runge-Lenz vector [4, 5],

Alu=vX (v X1)-(GM/r)r {1a)

which isa constant of the motion for a Newtonian orhit.
For the problem at hand, we have

Alp=- (GM/P ) (6GMc?r) £ X (£ X v) (17)
Averaging over an orbit, we abtain the szcular result
Ay =0 XA, (18)
where
IGwM
. _ - 19
eta(l - &%) ! (1%}

is the usual result for the perastron precession [3,7].
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It is also of interest (o note that, in our simplified coordinate system, P= uo,
to order ¢7*, whereas in other coordinate systems, P = go[1 + 8(Gufre?)].

In arbitrary theories of gravitation (except for the restriction that there is no
preferred frame and that we have a conservative theory [B] ), one may generalize
[9] the two-body Lagrangian and Hamiitonian of Efnstein's theory to now in-
clude the so-called Eddington parameters v and § [8] . Proceeding as before, one
may verify that the results for £, H, v, and £2% are the same as those given in
equations (13}, (14), (15), and (19), except that the G* term is now multiplied
by an additional factor (2 + 2 - B)3.

In particular, we would like to emphasize the simple form of the equation of
motion, viz.,

v == (GM/P) [1+(24+ 2y - B) 2GM[er] 1, (20)

This should be contrasted with the usual form [10] , which contains veloeity-
dependent forces. The latter is used presently to experimentally determine ¥ and
0 by use of orbiting planets and spacecraft [10]. We now suggest that equation
{20} is 8 more desirable equation to use for this purpose.
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