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An analytic expression is derived for the energy spectrum of hydrogenlike atoms in an intense radiation field,
which is valid up to intensities for which R, <a Bohr radius, where R, is the amplitude of the classical

displacement of a free electron in the radiation field.

Since the advent of the laser, there has been
considerable interest in multiphoton processes.
Most attention has been given to the calculation
of transition probabilities. However, most of
these calculations did not include the change of
the energies of both the bound and continuum elec-
trons —which we will refer to as AE, and AE,, re-
spectively — due to the intense field. For exam-
ple, Keldysh' included AE, but not AE,, whereas,
as we shall see, the latter is always the most
important. Henneberger® was the first to draw
attention to the importance of AE,. Recently,?
AE; (the change in the ionization energy, which in
essence is AE,~AE,) has been calculated numeri-
cally for the ground states of hydrogen and heli-
um. It is our purpose here to derive an analytic
expression for AE; for the complete spectrum of
hydrogenlike atoms, which is valid up to intensi-
ties for which R,/{7)<<1, where R, is the ampli-
tude of the classical displacement R of a free
electron in the radiation field and T is the coordi-
nate of the electron in the absence of the field.

To avoid the use of conventional perturbation
theory, many papers* have used the momentum-
translation approximation of Reiss,® but recent
objections®” have made it clear that this may not
always be a reliable method for general use. We
feel that the most elegant approach is to use the
Kramers-Henneberger unitary transformation of

the wave function.® The problem then reduces,?in the

nonrelativistic dipole approximation, tothe motion
of anelectronin a time-dependent potential V(F-R).
At first glance, it might appear that the effect
of a time-dependent radiation field is simply to
cause transitions. Thus, how real are the energy
shifts? As real as the Lamb shift! In fact, our
method of calculation is similar to that used by
Welton,® who showed that the zero-point fluctua-
tions of the electromagnetic field can account for
Bethe’s nonrelativistic result for the Lamb shift.
Our calculation differs from that of Welton in two
respects: (a) We consider a single frequency (and
thus do not encounter divergence problems), and
(b) the direction of R is fixed in space, in con-
trast to the random fluctuations produced by the
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zero-point oscillations (and thus we get contribu-
tions to other than 7=0 levels).

As a preliminary, we note that Welton’s calcu-
lation does not concern itself explicitly with AE,.
This is because such a term also appears as a
part of AE,—it is the (infinite) change in the ki-
netic energy of the electron due to the zero-point
fluctuations. The same remark applies to our
calculation (except that AE, is finite here), and so
we will concern ourselves directly with AE; (this
was also done implicitly by Henneberger and co-
workers®?), However, as AFE, has been used in
many calculations instead of AE;, we will later
calculate it explicitly for comparison with AE;.

Consider a hydrogenlike atom of nuclear charge
Z in the field of a monochromatic plane wave of
angular frequency w. Then, in the dipole approx-
imation, we have (in atomic units)

E=E,sinwt, )

with E,=awA, where E, K, and o are the elec-
tric field, vector potential, and fine-structure
constant, respectively. It follows that R =E,/w?
=ad,/w. We recall that the atomic units of elec-
tric field and angular frequency are 5.1x10° V/cm,
and 27 eV /%, respectively.

In addition, we define the unit of intensity as
7X10'® W/cm?, corresponding to an electric field
whose rms value is equal to 5.1 X10° V/em. Hence

R:=2w™*], @)

As with Welton,® we expand the potential, take
the time average and find, to lowest order, that
the effective static potential may be written as
V(¥)+AV(T), where

AVE)=1 R VP V(E). 3)
Thus, for V(r)=-Z/7, we obtain
H'= AV(F)
=% Z{4£nR26(F) + (R2/7°)[1-3 cos?d]}, 4)

where 6 is the angle between R, and ¥.
It follows that the total Hamiltonian is invariant
under rotations about the z axis and under parity,
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and hence the corresponding eigenvalues, m and
+, are constants of the motion. In addition, con-
sistent with our perturbation expansion, we can
neglect inter-z perturbations so that » can also be
regarded as a good quantum number. However, I
is not a good quantum number because H’ connects
states for which Al=[-0I'=0,+2.

Thus we have a situation similar to that which
occurs for the quadratic Zeeman effect.!° For
n=1 and 2, the perturbed energy levels are sim-
ply the expectation values of H’ for the corre-
sponding states. However, in general (n>2), for
given values of n and m, it is necessary to diag-
onalize the matrix of H'.

We assume intensities of sufficient magnitude
that the effect of H' dominates over spin-orbit
and relativistic effects.

Now, labeling the unperturbed states |nlm), we
have

2 _(+1+m)I+1-m) (I+m)(l-m)
(nlm |cos6lnlm) =G o5 * 517 D @I

®)

and
3 _2z/m?
{nlm|r I”lm>_——_—l(l+1)(21+1)‘ (6)

It follows directly, from Eqgs. (4)-(6), that

(n00|H'|n00)=(Z2*/3n*)R% (for n=1 or 2) ("
and
(21m |H'|21m )= (Z*/240)R%(3m>-2) . (8)

In particular, for the ground state of hydrogen,
we obtain E,= -3 and —AE, =5 R2, which is con-
sistent with the results of Ref. 3 for small values
of R,. Using Eq. (2), we note that, for a given in-
tensity, —AE; is proportional to the fourth power
of the wavelength. In addition, from Eq. (2), we
note that for, say, Zw=2.7 eV, Ri<1 for I values
as high as 3.6 x10'? W/cm?.

To return to the general case of given but arbi-
trary values of #» and m, we denote the matrix
elements (nlm|H'|nl'm) by H}, For large n values
it is apparent that diagonalization of the (n—|m|)
squared matrix should be carried out numerically.
However, as an alternative, we can use an in-
genious method due to Schiff and Snyder.!° The
latter authors pointed out that the energy levels
are so close together that one simply observes a
single broadened line resulting from all transi-
tions between the =0 ground state and the /=1
component (allowed transitions) of the group of
states that are obtained by diagonalization of Hj;,.
Then, neglecting the dependence of the dipole ra-
diation transition probability on energy over the

small range of energies involved in this group of
states, it follows' that the center of gravity of
the group of lines is given by E.=H/,. Now, for
the problem under discussion, we recall that we
are considering radiation with polarization paral-
lel to z and so we must restrict attention to the
group of final states for which m =0. It follows
that

Ew=(nl10|H’'|n10)=—(Z*/15n°)R2 . 9)

We turn now to the effect of the radiation on the
free electron, and our solution is simply the non-
relativistic dipole limit of the Volkov wave func-
tion.!* This can be written in the form'?

Y =exp[iB(F-R)]
xexp[ -i(3P? + AE )t -i(AE,/2w) sin2wd], (10)
where

AE =3a%A2, (11)

It is clear that AE, is simply the classical oscil-
lation energy of an electron in an electromagnetic
wave. We also see immediately that

AE,=}R%w?, (12)

Whereas the presence of the latter term has been
noted by many authors in various contexts,!+!? its
relevance for the problem at hand has generally
given rise to a lot of confusion. As already pointed
out, it can be removed completely from considera-
tion by essentially a renormalization. Now, from
Eqgs. (7) and (12), we have that

AE,/|AE|~w?n®/Z%, (13)

Hence, for optical frequencies (w~0.1), and even

for Z=1, we see that, except for large n, AE,
<<|AE;|. Inother words, the use of AE, (as in Ref.

1, for example) increases the ionization energies
by a relatively small amount, whereas the correct
result is that the ionization energies can be either
increased ov decreased by the relatively large
amount |AE,|.

The above calculation treated the case of linear-
ly polarized radiation but it is readily seen that,
within the framework of our perturbation expan-
sion, the same results ensue for the case of cir-
cularly polarized radiation.

It is apparent that these results may be used
also as the basis of a calculation of multiphoton
absorption transition probabilities in an intense
field. However, in this connection, we should
note that for low frequencies and high intensities,
tunneling may become the dominant effect.!
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