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There have been many calculations of transi-
tion probabilities where the potential involved
is Coulombic. Such calculations are, in gen-
eral, quite involved. In all cases the problem
is greatly simplified by confining one’s atten-
tion to threshold energies (incoming or out-
going particle having zero momentum), though
this has the obvious disadvantage of giving only
one point of the energy spectrum.

The purpose of this note is to show that, for
reactions where the particles are described
by Coulomb wave functions and the interaction
Hamiltonian is independent of momentum, the
shape of the momentum spectrum near thresh-
old is parabolic or, equivalently, the shape
of the energy spectrum is linear. This obser-
vation provides us with a firm basis for inter-
polating between threshold and points nearby.

The radial equations for a Dirac particle in
a central field potential V are given by'’?

df k-1

o (w-1-V)g, (1a)
and

ag _ _K+1

dr—(w—V+1) ” g, (1b)

where w=(p?+1)*2, Thus, in particular, for
Coulombic potentials (which may include screen-
ing and nuclear size effects) the solutions of

the differential equations for f and g must be
invariant under the replacement p — —p, apart
from a possible normalization factor which one
may arbitrarily introduce.

If the result of a calculation involving Cou-
lomb wave functions is a physically measurable
quantity, it must be independent of the particu-
lar normalization chosen for the wave functions.
Wave functions having different normalizations
must be compensated for in the course of the
calculation in such a way that they lead to the
same final result. Similarly, any general con-
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clusions regarding the final result, which are
based on the properties of the wave functions,
must also be independent of the particular nor-
malization chosen.

The above considerations lead us to consider
only normalization factors which are invariant
under p — —p (this corresponds to the usual
choice found in the literature), so that, in gen-
eral, f and g are invariant under p - —p. Since
it is seldom obvious by inspection that f and
g are invariant under p - —p, we will consider
a specific example, viz., the exact continuum
wave functions for a Dirac particle in a Cou-
lomb field. The solutions are®

F=iw-1Y e, (2a)
g=(w+1)1/2N(2r)7°11+, (2b)
where
N=em//2 [IC(y+iv) |y
(mp)r2  (2y+1) p
v=aZW/p, y=(k2-a?Z?)12,
eZin:-x+iozZ/p
y+iv
and
I, =e—zpr+zn(y +iv), Fy(y +1 +iv; 2y +1; 2ipr) £ c.c.

Since p always occurs as a coefficient of the
imaginary number i, we see immediately that
(w+1)*?I,, when expressed as a power series
in p, is invariant under p — —p. Using the re-
lation*

I(Z) = exp[-Z | exp[(Z -3) InZ ](27)*/2

-1

x{1 +Z—+O(Z‘2) ,

12 largZ I<m, (3)
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we find that
ID(y +iv) | = exp[~y]exp[3(y—13) In{(?/v?) +1}]

xexp[—(m/2)v]exp[vtan=(y/v)]

y=1/2
y (%/Z—) b 1/2(%)1/2

(4)

d

1+$L%’£’-+o((y+iu)—2)$ .

This enables us to deduce that the normaliza-
tion factor N is also invariant under p - -p,
and hence we see that f and g are invariant.

If the interaction Hamiltonian for a given re-
action is similarly invariant, then it follows
that the transition probability w will be also.
Hence, expanding w in a Taylor series about
p =0, we obtain

w=a+pp*+0(p?), (5)
where o and B are independent of p. In other
words, no terms odd in p appear. Thus, to

order p%, the momentum spectrum is parabolic.
To the same order, w=1+3p%, and thus the
energy spectrum is linear.

Though the above argument is based on the
properties of a wave function with a particular
normalization, the conclusion, as pointed out
above, does not depend on the normalization.
Thus our result is valid regardless of the wave
function employed.

We will now consider some specific applica-
tions. The threshold calculations of internal
conversion coefficients performed by Spinrad®
for the K shell and by O’Connell and Carroll®
for all shells, as well as the K-shell thresh-
old calculations of electron angular correla-
tions performed by Young,” give results which
are in fact correct to order p. This is quite
useful knowledge in view of the fact that no the-
oretical values of internal conversion coeffi-
cients exist for electron momenta p in the range
0 to a minimum of 0.32 (the latter value cor-
responding to the lowest transition energy &

=0.05 considered by Rose® and by Sliv and Band®).

In our paper® on internal conversion coefficients
we actually calculate results to order p and
show explicitly that no terms of order p appear
in the final results. This constitutes a direct
verification in this particular case of the gen-
eral conclusions outlined above.

Deck et al.'° have calculated the high-frequen-
cy limit of the bremsstrahlung spectrum and

then interpolated from the region of validity

of the Bethe-Heitler results to their result.
Their interpolated curve is a straight line, but
this particular shape had no theoretical basis.
Our analysis now confirms that, at least for
the small region of the curve close to thresh-
old, this is a correct choice.

Although Eq. (5) is correct in general, its
usefulness may be quite restricted in a particu-
lar application. For example, if |8/al =1,
then while w = ¢ is certainly correct to order
p, one obviously introduces a large error when
using this formula for any p other than that
satisfying p? < |a/B|. Of course the validity
of any approximation depends on the relative
magnitude of the terms neglected, whether or
not it is correct, and this consideration must
be taken into account in each particular appli-
cation.

The usefulness of this expansion in p for the
calculation of internal conversion coefficients,
particularly for high Z values, has been demon-
strated by Olsson and Hultberg!! for K-shell
M1 transitions as well as by the present authors'?
for all shells and all transition energies.
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ergy k about the atomic threshold energy k,. Our ex-
pansion is primarily concerned with the p-dependent

terms in the hypergeometric functions which appear in
our results.

SU(6) AND MESON-EXCHANGE FORCES*
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It has been shown recently that if the BBu
(baryon-baryon-meson) interactions are SU(6)
symmetric in the static limit, the baryon-ex-
change forces may lead to the bootstrapping
of the B multiplet in P-wave By states.! In this
paper we examine the possibility that the ex-
change of the 35-fold meson multiplet 1 and
the singlet meson leads to bound states of the
types uB, puu, BB, and BB. The approxima-
tions necessary in order to write the meson-
exchange forces in an SU(6)-symmetric way
are more drastic than those used in reference 1;
on the other hand, the p-exchange model leads
to a large number of simple experimental pre-
dictions, because of the generality of the two-

particle states that are influenced by these forces.

We consider the aapu vertices, where o rep-
resents any particle multiplet that corresponds
to an irreducible representation of SU(6). If
the mesons are real, one may write the aapu
interaction in an SU(6)-symmetric manner by
following the procedure discussed previously.!?
The P-wave pseudoscalar (P) and vector (V)
mesons play the roles of spin-1 and -0 mesons,
respectively. The static limit of the V and P
vertices may be written in the forms Fe, and
i(G/M)S -q, where e =(&,e,) is the V-meson
four-polarization vector, F and G are interac-
tion constants, c] is the three-momentum trans-
fer, and S is a vector operator in the a spin
space. The static V- and P-exchange potentials
between particles of the multiplets o and 8 may
be written in configuration space in the follow-
ing manner:

-mv /

V., =F F
VozBe

b

2, = = -mv
Up:(GaGB/M )Sa-VSB-Ve /7, (1)

where =17, -FBI, and the particle labels of
the interaction constants are suppressed. A
positive potential represents repulsion. If on-
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ly S waves are considered, the P-exchange po-
tential may be written

2

:%(GaGB/M2)§a-§B[(m e—mr/r)—47rb(r)]. 2)

(V)
P

Henceforth, we neglect the singular delta-func-
tion term of VUp; our motivation is that this
leads to an SU(6)-symmetric potential if the
constants F amd G are related suitably.® Again
the effective spins of the V and P particles are
0 and 1.

If the multiplet o is identical to u, the effec-
tive spins of the real V and P are 1 and 0. The
relativistic pup interaction should be symmet-
ric under permutations, as well as SU(6) sym-
metric in the limit that the mass of the virtu-
al meson is small. These two requirements
are not strictly compatible, as may be seen
from the fact that the SU(3) singlets of the real
and virtual g multiplets correspond to the w
and X°, respectively.!”® Belinfante and Cutko-
sky have considered this problem and have shown
that the two requirements may be satisfied ap-
proximately for the major part of the ppup in-
teraction.* Therefore, we ignore this difficul-
ty in the present paper, noting only that SU(6)
symmetry may be broken more strongly in the
4B and pp channels than in the BB and BB chan-
nels.

We now assume SU(6) symmetry and also that
the p, and ¢ are coupled universally to the I,
and hypercharge currents.® If the 35 virtual
mesons are taken to correspond to Hermitian
fields, the interaction constants are proportion-
al to the appropriate matrix elements of 35 or-
thogonal and equivalently normalized Hermi-
tian generators J; of SU(6). The coefficient
of the Yukawa potential for the process ap + ]
~ap +By is equal to 2f %5 (ap, ;10 )By |
XJz-!Bl), where f2 is a universal constant. Be-
cause of the additive property of the (J;), the
potential corresponding to the irreducible rep-



