8 DIVERGENCES OF THE HIGHER-ORDER CORRECTIONS TO... 3035

Although in this theory the electromagnetic and weak corrections have to be considered together, it
should be noted that up to the level of the quadratic divergence, electromagnetism and the rest are sepa-

rately renormalizable.
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The gravitational radiation emitted by a test particle falling radially into a Schwarzschild
black hole has been analyzed by Zerilli. Here we investigate the effect of assigning spin to
both the test particle and the source. We find that more (less) gravitational radiation is

emitted if the spins are antiparallel (parallel).

The gravitational radiation emitted by a test par-
ticle falling radially into a black hole is of much
current interest. In the case of a Schwarzschild
black hole, the mathematical framework was out-
lined in detail by Zerilli.! Because of the complex-
ity of Zerilli’s equations, quantitative results must
be obtained by numerical techniques. However,
some very useful qualitative information may be
obtained in a simple fashion, as Zerilli showed in
his Appendix J. It is our purpose here to use the
same type of approach to get some qualitative in-
formation on the effect of assigning spin to boix
the test particle and the source.

Our basic starting point is provided by the re-
sults of Barker and O’Connell,?'3 who obtained an
expression for the gravitational interaction be-
tween two spinning particles, correct to order G.
This is what we refer® to as the gravitational
Breit-type intevaction (GBI), because it is the
gravitational analog of Breit’s expression for the
electromagnetic interaction between two electrons.
In particular, it contains spin-orbit and spin-spin

terms.

Consider two particles, of masses m, and m,
and spin angular momenta® J, and J,. Consider
m,>>m, and let v be the velocity of m,. We choose
units G=c=1, so that »V'=(2Gm,/c?)=2m, and
7{?= (2Gm,/c?) = 2m,, where 'V and ? are the
Schwarzschild radii of m, and m,, respectively.
Let

L=7x¥ (1)
and
§(1‘2)=(3(1'2)/m(1,2)). (2)

Thus, the gravitational potential, in units of m,
correct to first order in G, and assuming low ve-
locities, may be written?'*

VE)=Vo+ Vi + Vo + Vg, (3)
where
Vo = _mz/y ’ (4)

V1'=%112V0, (5)
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V=5 (380-L+ 28Dy, (6)
Ve=—SBEDHEDH) - EOEN)y, @)

7

are the Newtonian, relativistic, spin-orbit, and
spin-spin contributions to the potential, respec-
tively. It is illuminating to compare this result
with the electromagnetic potential for positronium.
If we make the replacement e?- Gm? in the latter
we obtain terms of the same structure as above.
The numerical coefficients are generally different,
excepting the case of V, where they are the
same. In other words, as we had previously
seen,? the gravitational spin-spin interaction may
be obtained from the electromagnetic interaction
between two magnetic dipoles by simply letting
e?—~ —-Gm?®, For small velocities, we see that the
dominant correction to V, is V.

Consider m, falling radially towards m,. It is
now convenient to define the dimensionless quanti-
ties

5(1,2):(§(1,2)/m(1'2))' (8)

Hence we see the spin-orbit term V=0, and

6

V= _(’%) (%)[3(5(0-?)(5@-?) _gWEDy, .
(9)

along #, and then con-
(@) parallel and antiparallel

For simplicity, take &V

sider the two cases of &
to 2, Then

v=-T2 [1 +50% 2(7ﬁ><1”'r—2> a(l)a(z)] ,  (10)

¥

where ¥ refers to parallel and antiparallel, respec-
tively, corresponding to repulsive and attractive
gravitational spin forces. Now if m, falls from
rest at « to 7, then, to order G, the maximum
amount of gravitational radiation, E, say, which
can be emitted is given by -V. If we write

E,=EV+EY), (11)

where E'Sis the contribution due to the spin, then

EQ=Z2(1+30% (12)
and
2
E(gs =% 2(%) (%2—) aVa'? (13)

In other words, move (less) gravitational radiation
is emitted if the spins are antiparallel (parallel).
If m, is an extreme Kerr black hole (a'®=1) then

2
E(L,S)=¥ 2(&) <7_{Lg> a1t (14)

v v

In generé.l av is arbitrary and may be greater

than unity. In the particular case where m, is
another extreme black hole, we get

a2

Thus, the effect of the spin-spin force on the
amount of gravitational radiation emitted is com-
parable to the effect produced by the Newtonian
forces,! when the black holes approach so closely
that their events horizons (m, and m,) essentially
coincide. At such close distances, our linear-in-G
analysis is no longer quantitatively reliable.
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