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In previous work we have considered the absolute stability of the Landau Orbital Ferromagnetic states
for both a non-relativistic and a relativistic electron gas at 7' = 0. We now extend this work to include the effects
of a) non-zero temperatures, b) Coulomb interactions, c) effective mass values other than unity. As before
we conclude that the non-magnetic (B = 0) state rather than the magnetic Landau Orbital Ferromagnetic
states forms the thermodynamically most stable state in thermal equilibrinm. Thus these Landau Orbital
Ferromagnetic states are observable only as possible metastable states in metals, white dwarfs, and neutron
stars, which could account for the occurrence of large magnetic fields in some white dwarfs but not others.
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1. Introduction

With the proposal by Gold (1968, 1969) that
pulsars are rapidly rotating neutron stars possessing
intense magnetic fields and the discovery of large
magnetic fields in white dwarfs (Kemp et al., 1970;
Angel and Landstreet, 1971), the origin of these
large magnetic fields in white dwarfs and neutron
stars has become an astrophysical problem of great
interest. A mechanism leading to a ferromagnetic
state in a degenerate electron gas, called the Landau
Orbital Ferromagnetic (LOFER) states, has been
proposed by Lee etal. (1969). However in two
preceding papers (O’Connell and Roussel, 1971a
and 1971b) we have shown that in the case of a
noninteracting completely degenerate electron gas
in thermal equilibrium, which is the model considered
by Lee et al., these LOFER states correspond to a
larger value of the thermodynamic potential than
the nonmagnetic state. In other words, the LOFER
states do not correspond to the most absolutely
stable state of the system and may exist only as
metastable states. We now extend this work to
include interactions and non-zero temperatures.

In Section IT we discuss the thermodynamics of
an electron gas in a magnetic field and derive an
expression for the thermodynamic potential per
unit volume of a non-zero temperature electron gas
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and discuss the stability of the LOFER states for such
a system. In Section ITI we deal with the LOFER state
stability of a completely degenerate electron gas
interacting directly through a Coulomb potential.
In Section IV we discuss the effects of effective
electron mass on LOFER state stability and present
our overall conclusions. In particular, we provide a
possible answer to the question as to why large
magnetioc fields are found in some white dwarfs but
not others.

II. Non-Zero Temperature and LOFER State Stability

Previous to Shoenburg (1962), the magnetization
of a system, M, had been assumed to be a function
of the magnetic field H, so that the magnetic induc-
tion field was given by

B=H+4x M (H). (1)

Such a system is called a magnetically noninteracting
system. Shoenburg (1962) proposed that the mag-
netization is actually a function of the magnetic
induction field B. Thus Eq. (1) becomes

B=H+4x M (B). @)

A system which is described by Eq. (2) is called
a magnetically interacting system because, besides
the interaction between the electrons and the
magnetic field H resulting in the magnetization
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M (H), the electrons interact magnetically among
themselves. The total effect of all the interactions
is to produce a magnetization M (B). This magneti-
cally interacting system should not be confused with
a directly interacting system, a system in which the
electrons would interact directly with each other.
A directly interacting system may be considered
the framework of either a magnetically noninter-
acting or a magnetically interacting system.
Now (Pippard, 1963 ; Lee, 1970)

Q(u, T, B)=0f (u, T, B) + 2z M*(T, i, B) (3)

where 2 (u, T, B) is the thermodynamic potential
in the magnetically interacting system, which must
be a minimum for a stable state (Landau and
Lifshitz, 1969), and 0% (u, T, B) is a function
obtained from the noninteracting thermodynamic
potential QF (u, T', H) by replacing H with B. In
our previous papers (O’Connell and Roussel, 1971a
and 1971b) we used @ instead of Q but we now
adhere to what seems to be the more commonly
used symbol Q.

Let us first consider a non-zero temperature
system. For simplicity we confine ourselves to the
non-relativistic case but similar results hold in the
extreme relativistic case. Neglecting direct interac-
tions, Qf (4, T, B) and M (u, T, B) are given by
(Wilson, 1953)

9 )52
Q% (u, T, B)= — CE°2

) (1 + % o 15Zm p-5/2 21) , @)
2u)24 B
M1, B=-Fyny, )

and the number of particles is given by

T B=— G125 ], ©

3 n?
where
® cos (br —m/d)  2rn*kT/(B/B,)
21=,§1' oI sinh [2 r2*k T/(B/B,)] * (7
and
® sin (br—n/4)  2rakT/(B/B,)
22=r=211 o shE kT BBy - O
Thus
2 )5’ 15
2m M2 (/l, T, B) == (1:323 {— 25/:22 .ullz bt lzzlz}'

9)
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Using the same procedure as in our previous papers,

(2 e
15 n?

Q(.u’ T,B)=_

15 71/ 5
.{1_ 2 oo |22]+anb-2+...}. (10)

Realizing we are considering d> 1, it is obvious
from Eq. (10) that the LOFER state possesses a larger
thermodynamic potential than the non-magnetic
(B = 0) state.

II1. Coulomb Interaction Effects

Let us now consider a completely degenerate
non-relativistic electron gas interacting through a
Coulomb potential. The non-interacting thermody-
namic potential per unit volume is given by (Sond-
heimer and Wilson, 1953)

Qg (ﬂ’ B)= _ (2 'u)SIS {1 + 5 n? b2 — 15 n'2 b_5/223}

15 =2 4 4
where (11)
Zs'—‘Zl' cos(b;’—’- 7/4) . (12)
r=

To this we must add the correction due to Coulomb
interactions Q3¢ (u, B) which is given by (Ichimura
and Tanaka, 1961 ; and Isihara et al. 1971)

o (s B)= — (2 pysi2 { 15 b-32 2.4}, (13)

1572 | nti2 2o pis
where
X gin (br—n/4
o _,\_'i'—( sl I (14)
r=

The magnetization M (u, B), to correct order, is
given by '

My B)=- 222 pppars,.  (15)
where
> br —m/d
F= 3 el (16)

r=1

In the usual manner we find

Q (4, B)p—o= [2} (u, B) + 2 M?(p, B)]p—o

(2 p)sie
1572 °

For the LOFER state solution, Eq. (3) becomes

= 08 (4, 0)=— (17)

(2 p)si2 15 o
2 (n, Bluormn =~ {1 - 5 b | 2
15
+ g 0 24} : (18)
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Again realizing we are considering b> 1, it is
apparent that the nonmagnetic solution has the
lowest thermodynamic potential.

IV. Effective Mass Corrections

To include effective mass considerations we need
only to introduce the “effective mass” m* con-
sistently in the theory in place of m. (See for example
Kittel, 1953). Thus we have a new parameter b*
where

b ~

Lo e i a9)
and where
Sk 21’ ﬂb*:;l—':“@_ . (20)
r=
Thus
* 2. \2
b= (2—5) b. 21)
It follows that
m*
AP 22)

and since b > 1 it can be shown that b*> 1.

The thermodynamic potential for the magneti-
cally interacting non-relativistic case obtained by
the usual method is

Q (4,0, B)= — m#alln 5(1 f)sla {1 _ 15 :1/: \SH pr-on
+ga (35— 1) b1} (23)

Since b*> 1 it is apparent from Eq. (23) that the
nonmagnetic solution has a lower thermodynamic
potential than the LOFER state solutions for any
reasonably physical value of m*/m. A similar result
follows for the extreme relativistic limit.

To conclude, the inclusion of several interaction
effects does not alter our previous conclusion that
the LOFER states do not correspond to the most
absolutely stable state of the system. This con-

clusion leaves only the possibility that LOFER states
may correspond to metastable states of the system
so that once the system is somehow excited into
one of these states, its relatively long life-life may
permit it to be observed. It also provides us with a
possible answer as to why large magnetic fields are
found in some white dwarfs but not others-it could
be due to the occurrence of some, as yet unknown,
circumstance resulting in the system going into a
metastable Lofer state instead of the lower energy
B = 0 state.
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