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ABSTRACT

An exact quantum-mechanical calculation of Kemp’s magnetoemission process, for magnetic white
dwarfs at low temperatures, is presented and the implications discussed.

I. INTRODUCTION

Some white dwarfs have been observed to emit circularly polarized light (Kemp et al.
1970). It is deduced from Kemp’s (1970a, b) magnetoemission theory that this is due to
the presence of magnetic fields B of the order of 107 gauss. In this theory a model gray-
body radiating system in a magnetic field B was shown to emit radiation of frequency w
with a fractional circular polarization given, to first order in B, by ¢(w) ~ —eB/mw.

Since Kemp’s prediction that g is proportional to N (wavelength) is at variance with
the observations, Shipman (1971) extended Kemp’s theory to take into account radia-
tive transfer in the atmosphere of Grw-+70°8247 and found a N dependence more in
conformity with observations, though discrepancies remained with the observations in
the ultraviolet and particularly in the infrared. However, Kemp’s assumption that

_eB/mw << 1 breaks down in the infrared (Shipman 1971), which leaves open the pos-

sibility that an exact quantum-mechanical calculation might lead to better agreement
with the infrared observations. Motivated, therefore, by a need to extend Kemp’s cal-

-culations to higher orders in B, we consider his gray-body quantum-mechanical har-

monic-oscillator model and solve it exactly for low temperatures.

II. FORMULATION

The Hamiltonian for a three-dimensional harmonic oscillator of charge e in a magnetic
field B along the z-axis is

= o [p + bt + Mol + )] + 5[5 + mieget] + 9L, Y

where we have taken the vector potential A = 3B X r, @ = eB/2mc, w, the natural
frequency of the oscillator and w, = (we? + Q%)% If we now make the transformations

maw,

1/2 1/2
)t i@mio) g, a, = (B2)y + iQ@mie) i,

_ (M,
“\ 2%

az

1/2
as = 1”2_%’9) g + 1(2mhwe)"12p, ,

so that [a;, a;] = 0, [a,, a'] = §,; for 1, j = %, y, 2, and the further transformation
Ay = 272(q, F ta,), At = 2"12(a,' + ia,"),

so that
(4, A =0, [Ar, A‘T] = Ops (for r,s =+, _) ’

and
[dz, azT] =1 ’
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we find that the Hamiltonian can be written in the diagonal form:
H = #i(w, + DNy + 3) + 0, — D(N- + 3) + Fhon(n, + 3) . (2)

Here Ni = A.7A4. are the number operators for the quanta of type + and #, = a.%a,
is the number operator for the quanta of type z. If one now includes the radiation terms
in the Hamiltonian, the interaction term Hr which causes transitions of circularly polar-
ized radiation is given by

teBe "t
Hy =

o (= 2 9 — 90 F i},

w

where the + signs correspond to left and right circularly polarized radiation. It follows
that

" —twi
Hy = 1eEe ( b7

e ) F t
v mw) [w(Az — A1) T A5 + AN,

Following Kemp we shall assume that the temperature is sufficiently low that only the
ground state # and the lowest excited states need be considered.

Let us denote a general state vector by the notation |#n,7_n,). We emphasize that
these are eigenstates of the Hamiltonian to all orders in B. Then we have

teEe ot ( /]
2w Moy,

(100|H(|000) = 1/2(ﬂ+wc). 3)

Similarly, we note that the matrix element corresponding to right circularly polarized °
radiation is given by

{(010|H;|000) = Q- ). @

teEe %t ( h \M?

2w mw,

Now from equation (2) we note that Ei — Eopo = #(w. + @) while Egno — Egpo =
#i{w, — @), so that in equation (3) w = w, + Qif 2@ < w, while in equation (4) w = w, —
Q for all Q. Hence if 2Q < w, radiation of frequency w comes from two different oscillators
(here following Kemp’s quantum-mechanical treatment we assume low temperatures)
of natural frequencies wp = (w? F 2wQ)Y? giving left and right circularly polarized
radiation, respectively, the square of the appropriate matrix elements being proportional
to (w F @)L It is remarkable that this exact result agrees with Kemp’s first-order
theory. Hence, the exact fractional circular polarization is ¢(w) = —Q/w, which is the
same as Kemp’s approximate result. For 22 > w, g(w) = 1.

The above can be extended to discuss linear polarization. In this case if we look in a
plane perpendicular to the z-axis and choose the x-axis along the line of sight, the inter-
action Hamiltonian can be reduced to the form

ieBet [l B O\ .
1y = 2 [<4mw) [wi(dy — A_ + A7 — 4.1

1/2
+ QA+ A+ A+ A Y] - z(% (a, - a;)].

In this case we find that the fractional linear polarization of the = and ¢ components
is given by
N w
qg = m for 2Q _<_ w .

For small @/w we find that ¢* ~ 302/w?, in agreement with the result of Kemp (19705).
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For w < 29, ¢* = — (0 + 29)/(w + 3Q).

II1. DISCUSSION

Since our exact result for the g(w) agrees with Kemp’s first-order result, it would ap-
pear that the discrepancy between theory and observations in the infrared would have
to be sought elsewhere. However, it must be emphasized that our results are only valid
at low temperatures (kT << #iw) and hence not applicable in the infrared to a hot or
moderately hot white dwarf such as Grw--70°8247.

Finally, we note that it should be possible to extend our results to higher temperatures.
Kemp has solved the classical problem analytically at high temperatures (kT >> kw).
We are presently investigating the quantum-mechanical problem at all temperatures.

We are most grateful to the referee for his perceptive comments.
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Note added in proof —The effect of the magnetic field on the distribution of oscillator
frequencies was taken into account by Kemp in his classical calculation. The inclusion
of this effect in the quantum-mechanical case leads to a value of ¢ in agreement with
Kemp’s classical results. We are grateful to Professor J. C. Kemp for pointing this out,
as well as for other valuable comments. The corresponding value for ¢* is given by

¢ = (1401 4 (1 — )2 = 2(1 — 2/[(1+ )2+ (1~ )12 + 2(1 — £)]

fort<1
and -
g = [s¥2 — 201 4+ $)V2]/[s'2 4 2(1 + $)¥?] for 1 > s> 0,

where s = 71 = w/2Q.
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