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Abstract: Coulomb field effects on K shell internal conversion coefficients for threshold values of the
gamma-ray energy are investigated using exact wave functions to describe both the bound and
the continuum state electrons. Exact results for the internal conversion coefficients are obtained
in terms of gamma functions and confluent hypergeometric functions. To facilitate numerical
evaluation, the exact result is expanded in a series in «Z and the first three terms of this series are
retained. The dominant terms are identical to the expressions obtained by Drell and by Dancoff
and Morrison, in the non-relativistic approximation. Terms of order «.Z times the dominant term
are shown to be zero but the a®Z* corrections to the non-relativistic results are seen to bring the
analytical results into closer agreement with the numerical results of Spinrad. The effects of finite
nuclear size and screening are also considered.

1. Introduction

Non-relativistic formulas for K shell internal conversion coefficients (hereafter
referred to as ICC’s) have been derived by Drell !) and by Dancoff and Morrison 2).
Spinrad *) computed numerically the K shell ICC’s at threshold values of the gamma-
ray energy and compared his results with those obtained from the non-relativistic
formulas. The ratios of the non-relativistic results to the numerical results of Spinrad
tend towards unity for small Z, as they should, but for higher Z values the ratios
can be as large as 4 (electric transitions) or as low as + (magnetic transitions); the
deviations are strongly L dependent, where L is the angular momentum of the radiated
field.

The purpose of this paper is to investigate the origin of these deviations and to
ascertain how they depend on L. To this end we use exact relativistic Coulomb wave
functions to calculate the ICC’s at threshold.

In sect. 2 we write down the ICC’s for the K shell in terms of radial integrals. At
threshold, we find that the integrals can be evaluated analytically thus giving an
exact answer for the ICC’s. To facilitate numerical evaluation, the exact result is
expanded in a series in «Z and the first three terms are retained. Sect. 3 is devoted
to a discussion of the effects of screening and finite nuclear size. Finally, in sect. 4,
we discuss all the results obtained. A table of ICC’s, derived from our analytical
formulas, is presented. These results are also compared graphically with the results
of Spinrad %).

t Present address: Dublin Institute for Advanced Studies, Dublin, Ireland.
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2. Pure Coulomb Field Effects

The ICC’s will be denoted by ¥ where 4 = 0, 1 refers to magnetic and electric
multipole radiation respectively. The expression for an.angular momentum eigen-

state of the electron is %)
_ | 19:")2um(P)
Vim = (fx(")a' - ?zﬂm(f ) ’ (1)

where k¥ = F(j+1) for j = I+1. In particular, we consider the case when the
electron is initially bound in the K shell and denote the radial functions by g and fx
(g, and £, will refer to the continuum state). Then the 8 can be written in terms
of radial integrals as follows:

“’=@{—L— R, +R,+2iR;|»,._ ree
L 87'C 2L+1(| 1 2 3' )jz—L+«},l;—L,x—L 1
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P m {L(IR5+R6|2)12=L+§; L=L+1;x=L+1
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where a is the fine-structure constant and w is the transition energy !. The radial
integrals are given by

R, =f gegx GLrdr, (4a)
0
R, =f Selx Gerdr’ (4b)
0
R; = fo f.9x Gy _(r?dr, (4c)
oK
R, =fo gxSx GL—N'zd", (4d)
Rs = fo Jfe9x G rzdr, (49)
Rg = J. 9 Sk GL rzd", (4f)
0
where
G(owr) = (2n)ti- 1 HM (wr), (5)
J(wr)

and H{%,(r) is the Hankel function of the first kind. By a simple change in notation,
t Inour units A =c = 1.
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we find that these results are identical to those obtained by Rose °). Note that the

corresponding results, given in egs. (39.25) and (39.28) of Akhiezer and Berestetsky ¢),

are in error; furthermore, there is a sign mistake in eq. (10.13) of the same reference.
The exact continuum-state wave functions are given by °)

- —i _ |F(?+“’)| 2
fo =~ =m) p)21‘(2v+1)( 7
x {e7" !y 4 iv)F(y+1+iv; 2y+1; 2ipr)—c.c.}, (6)
_ |I"(y+1v)| , 1
VO em) Ze p)zr(27+1)( i
x {e“"'“"(y +iV)F(y+1+1iv; 2y+1; 2ipr)+cec}, (7)

where F(a; b; x) is the confluent hypergeometric function, I'(Z) is the gamma
function and c. c. denotes complex conjugate. The energy, momentum, and mass
of the electron are denoted by W, p, and m respectively;

v = oZw s 7 =4J(KP=a’Z?),
p

and
iaZm

—-K+
2in — p

i0ZW
+
p

These equations simplify considerably at threshold i.e., when p tends to zero.
Making use of the relations 7)

..ILI?OF (a c; — ;) r(e)x*=9J,_,(2/x), (®
and
lim et )] = V@O (5 real ©®
we find
Je= SuJ(aZ)J’—’-(z"), (10a)
and ¥
go=-""%f4 \/4(1:2) Jzy;zl(x) ’ (10b)

where p = maZ, x = ,/(8ur) and J,(x) is the cylindrical Bessel function of the first
kind. These results are not valid as r — o0. However, asr — co we get no contribution
to the radial integrals due to the presence of the factor e ™* which appears in the
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bound state wave function. The exact ground state wave functions are given by ®)

gx = Nyx2rm=Dde=t (11)
and
fx = —Agk, (12)
where
Ny = ‘/ 1+ 2201 A(= Vl—)’x ,
I'(2yg+1) 1+«
and
Yk = (l—azzz).
Thus we can write
Rl = - Z——st'"Rla, (133)
aZ
1 ® xJz (X) 2
R, = — L} G, redr, 13b
1 22z )0 { JZy(x) Se9x GL ( )
R, = — AR, (13¢c)
R3 = (Rs)GL"GL-I ’ (13d)
A
R4 = — (Y_K)R3—A(RIG)GL-'GL-1 ’ (136)
oZ :
A .
Rs = — (y—x)Rs—ARy,. (13f)
oZ

Making use of the series expansion for the Hankel function, we find

L 1 2 NP
R; = —i27ts/azZNK—’f Y (i’i'_”)_(ﬂ‘)
ws=ov}(L-v)! \ @

x fwe—lxz(l —im/n)x— 20+1+2(yk— 1)J27(x)dx. (14)
]
At threshold, the photon energy  is equal to the binding energy:

o = m(1—+1-a?2Z?). (15)

After evaluation of the integrals we obtain

Rs =a ZobFn, (16)
Ll L—v

R;=a —— bF,, 17

3 DZO L+v ( )

L
Ry, = ac Z,o(?—”"")’x)bea (18)
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L-1 L—v
(Rla GL~GL-1 = ac Z (‘y_v+‘yl() be’ (19)
=0 L+..
where
—_ i\ ~ (VT 7x)
a= -—i2’+3”‘1zx/aZNK -’ﬁy'* 1 (1— E’) , (20)
r2y+1) u
L+v)! (iu)"( iw)"
b=-(——— 1— — ) I'(y—v+7%)s 21
=0 \w » (r=2+70) (21)
. -1
c=3—1—(1-@) , (22)
aZ 2y+1 u
-2
F,,=F(y—v+'y.(;2y+1; - ), (23)
1—iw/u
-2
F,=F (y—v+yx+l;2y+2; ) . (24)
1—-io/u

An approximate analytical expression is obtained by carrying out an expansion in
powers of aZ, Keeping only terms which will contribute to the result for the ICC’s
to relative order a?Z? we find
R;=K {F(k—L+1; 2k+1; —2)—%}iaZ(k—L+1)

X [—F(k—L+1; 2k+1; —2)+F(k—L+2;2k+1; —2)

2
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_r 2 k—L+1 {F(k—L+2§2k+2; —2)—%iaZ(k—L+2)
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—H+K)(3+k)+1)—3(L-1)+ - In 24 2y(3
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_ 2140 g —p)— —2(1+—k)) F(k—L+2;2k+2; —2)
k k(k—L+1) '
+(k—L+3)F(k—L+3;2k+2; —2)+ k;L'l"3F(k—L+3; 2k+3; —-2)
+
L-1
— —— (k—L+3)F(k—L+4;2k+2; —2)
2L—1
k=L ppya; k435 —2)
k+1
— k=3 e Lt4;2k+4; —2)]} , (26)
(2k+3)(k+1)
R, =K {— Zk—L+1 py142;2k41; —2)} , 7)
2 2L-1
i (k—=L+1)(k—L+2) ' :
RiGr~6,., = - F(k—L+3;2k+2; -2);, 28
(Riddo,cy ., = K [ = ot F LD g ). @9

where k = |rc|, ¥(Z) denotes the first polygamma function and

2 )L 1 (k=D)L

K= 2k—-L+iiL—-1n (_
«Z/ Jo (2k)! L!

From the relation
F(a;¢;x) = Fla—1;¢; x)+ ’—CF(a; c+1; x),
c
we see that the coefficients of 3ixZ in Rs and R, are both zero. The other relations
between contiguous confluent hypergeometric functions ?) enable us to write

(Rsk=1 = Ky[Fy +(3Z)*{(L+%+T,)F, —L}], (29)
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(Rehmses = (—I;T)%fm . [F“+G“Z)z {(232L2L1) T) Fu
+2Ful|, (0)
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(Ry)eunty., = ————— KiFs, 352
Riadgs e @L-veL+y (352)
6
i(R1a)o ~6r-1 = K.F,, 35b)
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where

T, = 2{(3)— L+ D(n 2+¥ (D)},

T, =2 {.p(s - ’£—2  (n 2+-I:(2))}

L
K1 = (K)k=l. = Ziil'_lﬂ ('i') —l"‘ -1‘ .
oZ

Jo L

The confluent hypergeometric functions involved are
F, = F(;2L+1;=2), F, = F(2;2L+1;-2), Fy = F(2;2L+2; —2),
Fs = F(3;2L+2; -2), Fs =F(3; 2L+3; —=2), Fy = F42L+4; ~2),
1 = F(2;2043; =2), Fi3=FG; 2L+4;=2), F =F(1;2L+2; -2).

Thus at threshold the ICC’s for both an electric and a magnetic multipole on the
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K shell are given, to order a?Z2, by

w0 =1 (Z) arnarer S 1 5 [ ey
* %Lfili—z (F=Fa) (23222—L1) + ((1:1]:)2(2];._—21)) T )
- (f::iz (F_ i:iF’)(Lz_H%_ (L+2ll;(;I,l+3) - 221:1 +T’)
* EIL%I F2 (— B L(62LL—+11) B l(fL—-i-ll)) - L((inf)g(f: 13)) * T‘} ’ (36)

o__T oz DEADN(2 5 2L-1
L TR [H 2 {(1 L, )((L t (L+1)(2L+3)+T2)

___F-F, _ ( - __4__))
(L+1)—(L+2)F (L+1)2L+3)

(L+)2 (r_ . L-1 L-1
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__“1__ 1 L(L-1)(2L+3) _ 4
* L(2L+1) P [2+L+ L (L+1)2L-1) L(2L+1)] )’] ’ 37
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2L 2
T = 16na (i) (i) :
aZ L!

Ly = L{L+1)—(L+2)F}* +(L+1)L?
_ . [F(2;2L+4; —-2)\? 2
- L{ (L+1)2L+3) : HLHDL

and

We notice that the coefficient of aZ is zero. To lowest order the corresponding formulas
are

' 2\* L (F(2;2L+2; -2)\?
Lo = T(&) L+1{ 2L+1 } ’ (38)
ﬁ‘Lo_——{[(L+1) (L+2)F(1;2L+2; ~2)* +(L+1L*}
__ LL+2) . Lz(L+1)
(L+1)(2L+1)(J" 2)'Bidio+ T 2L+1 (39)

Eqgs. (38) and (39) are in agreement with the results obtained by Drell ') and by
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Dancoff and Morrison 2) respectively. Drell erroneously considered B!}, to vanish
at threshold and thus neglected the first term in eq. (39); however, it does turn out
that this term is in fact much smaller than the second term.

Finally, we may write

B = BP(1+CPe?Z2), (40)
where the values of C{¥ are given in table 1. This formula enables us to compile

numerical values for the ICC’s which we present in table 2. These rcsults are compared
graphically in fig. 1 with the results of Spinrad.

TAaBLE 1
Values of C, ¥
A L=1 L=2 L=3 L=4 L=35
0 0.620 0.874 0.938 0.968 0.986
1 —0.601 —1.163 —1.760 —2.165 —2.860
TABLE 2

Threshold values of internal conversion coefficients for the K shell deduced from the
ﬁL(i-) = ﬂ;’:)o(l+CL(4)alza)

w(mc® units) Z g ;A Bytv B B
0.0026664 10 1.903(3) 3.094(5) 1.985(7) 7.174(8) 1.693(10)
0.0107085 20 1.201(2) 4.902(3) 7.867(4) 7.116(5) 4.200(6)
0.024259 30 2.412(1) 4.401(3) 3.145(3) 1.265(4) 3.320(4)
0.043553 40 7.803(0) 8.073(1) 3.254(2) 7.363(2) 1.088(3)
0.068947 50 3.287(0) 2.199(1) 5.688(1) 8.252(1) 7.807(1)
0.100957 60 1.755(0) 7.709(0) 1.388(1) 1.399(1) 9.203(0)
0.140322 70 9.181(—1) 3.215(0) 4.265(0) 3.166(0) 1.530(0)
0.188113 80 5.608(—1) 1.525(0) 1.554(0) 8.814(—1) 3.276(—1)
w(mc® units) Z pl to) ﬂ’(o) ﬁa(nl ﬂ‘(o) ﬁ‘(o)
0.002664 10 1.834(2) 1.235(5) 2.201(7) 1.782(9) 8.184(10)
0.0107085 20 4.540(1) 7.568(3) 3.342(5) 6.715(6) 7.619(7)
0.024259 30 1.985(1) = 1.447(3) 2.791(4) 2.461(5) 1.214(6)
0.043553 40 1.091(1) 4.372(2) 4.609(3) 2243(4) 5.988(4)
0.068947 50 6.771(0) 1.679(2) 1.088(3) 3.284(3) 5.266(3)
0.100957 60 4.532(0) 7.446(1) 3.156(2) 6.277(2) 6.210(2)
0.140322 70 3.165(0) 3.606(1) 1.022(2) 1.360(2) 7.470(1)
0.188113 80 2.286(0) 1.831(1) 3.390(1) 2.841(1) 1.934(0)

Figures in parentheses indicate the power of 10 by which the number must be multiplied.

3. Screening and Nuclear Size Deffects

The effect of screening on the bound electron can be examined analytically in the
non-relativistic limit by approximating the screened Coulomb potential by the Hulthén
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potential %)
Zele™ ™
Vn = 1__;——); s (41)
where 19)
A= 0.23u. 42)

10 20 30 40 S0 60 70 80
Atomic Number (Z)

Fig. 1. Ratio of numerical results of Spinrad for the internal conversion coefficients at threshold
to the analytical results, where R, and R refer to electric and magnetic transitions respectively,
Ry p= .1 0(numerical)/f, 1. ®(analytical).

This potential gives rise to a wave equation which can be solved exactly. We find that

+ 1 2 _ 2.2
Y %V“ (75—7) e ¥ :1+ ‘%6- +0(u4r4)} . (@3)

The differences between the ICC’s obtained by using the latter wave equation and
those obtained by using the non-relativistic Coulomb wave function Yy = @d/n?)
e * can be obtained readily by evaluating the radial integrals, designated by 7 and /,,
which arise in the respective cases. To the order required

2 T(k—L+1)
r2k+1)

I, = V1— (—7;7)21“1, (45)

I =f e“ixix—2L+1J2k(x)dx — 2k—3L+ F(k—L'l‘l; 2k+1; _2), (44)
0
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and
-]
Al = 1 (%_)Zf e-ixzx—2L+5Jzk(x)dx
0

1 ok=3L+2 I(k—L+3)
466
r2k+1)

= cgs(k—L+2)(k—L+1)

F(k—L+3;2k+1; —2)

F(k+L—1;2k+1; —2)
F(k—L+1;2k+1; —=2)

(46)

Thus we are able to show that

This in turn leads to the conclusion that the ICC’s obtained by using a Hulthén
potential differ by less than 1) from those obtained in the pure Coulomb case.
Physically, this is what we expect because screening should have very little effect
on K shell electrons.

The main effect of screening consists of a considerable lowering of the threshold
energy from its unscreened value !!). Thus qualitatively screening effects may be
accounted for by replacing Z by Z,; < Z. This would result in an increase in the
ICC’s.

To examine the effects of finite nuclear size, we note that for the true wave function
we have iy = 0 as r — 0 in contrast to the Dirac wave function which is singular
at the origin. Thus the contribution to the radial integrals from a sphere of radius R
around r = 0 should be small. We neglect this small contribution and also subtract
out the comparatively large contribution we have actually included because of the
fact that we did use Dirac wave functions.

From our evaluation of the radial integrals, we see that the calculation of the lowest
order contribution involves essentially the evaluation of the two integrals

B Ef e ¥y 2LHLy (x)dx, (48)
0
and
D Efo e¥ixm2lr2y, L (x)dx. (49)
Let B = Bc+ 4B and D = D¢+ AD, where
4B = f me"*"’x"”‘“Jzy(x)dX. (50)
4]
4D =f me_*"zx'“‘“-’zw 1(x)dx, (51)
1]
and L .
Xpm = /8uR = C/aZ; (52)

C is a constant which, for R = 1.2 4 fm, is equal to 0.1577 4%,
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Using the series expansion for the Bessel function, evaluating the integrals and
retaining only lowest order terms in aZ, we find that

9-2(L-1)
| —————aZ
(2L)!
(ABj=r+1 = 0(“222)’
(D)= = O(e*Z?),
(AD)=p+1 = O(°Z3), (53)

(4Bj-, =C

where
C, = 3.1079x 10734},

Thus we are able to estimate the effect of the finite size of the nucleus on the lowest
order contributions to the ICC’s. We deduce that

L+1
(ﬂi%)n..m size = (1 - _L_ C, aZ) L?)O ’ (54)
(ﬂg,)o)ﬁnite size = (1 - Cz“zzz)ﬁ(Ll.)o . (55)

By inspection, we see that C, is greater than zero and that it increases with decreasing
L. We have not evaluated it explicitly because B and D themselves are only the lowest
order parts of the exact integrals given by eqs. (13) and (14). By contrast, we did
carry out an exact computation of (85%)einie size DeCause the correction term here
is of order «Z and because we know from our previous calculations that, when the
radial integrals for a point nucleus are evaluated to order a®Z2 times the lowest
order term, no terms or order aZ times the lowest order term occur. Since C, is a
relatively small number, we see that (B°%)tinice s1ze and B5°% never differ by more than
0.2%. Now Church and Weneser 12) assert that there is an appreciable difference
between the finite-size and point-nucleus wave functions up to a radius of the order
of 10 R; if we exclude a region of this radius in the evaluation of our radial integrals,
then, since C,is proportional to the radius of the excluded region, we find that
(B )tinite size and Y% may differ by up to 2%. This, of course, is still a relatively
small difference.

4. Discussion of Results

As already pointed out, the lowest order terms appearing in the analytical ex-
pressions for the magnetic and electric ICC’s (i.e., {°% and B{'}) have been obtained
by a non-relativistic calculation. Numerical results computed from these expressions
were compared to the numerical results of Spinrad. We also saw thai these relativistic
and non-relativistic computations are in close agreement for low Z but that large
differences, which are strongly L dependent, occur for high Z and that if we consider
the ratio of the non-relativistic to the relativistic results we find that for the electric
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ICC’s this ratio varies from 1 to 4, being greater for higher L values, whereas for the
magnetic ICC’s this ratio varies from 1 to +, being smaller for higher L values. If we
compare our fig. 1 to the corresponding fig. in ref. 3) we see that our corrections to the
non-relativistic results serve to bring the analytical results into closer agreement with
the numerical results except in the case of 8 and p{” where the discrepancies are
very small anyway. The strong L dependence of C{! is also in the desired direction;
this is not so for the L dependence of C{® but here the L dependence is very much
weaker. The remaining deviations are presumably due to the neglect of higher order
aZ terms in the analytical results.

Regarding the influence of finite nuclear size, we conclude that the effect is to de-
crease both the electric and magnetic ICC’s relatively to their point nucleus values,
the decrease in the electric ICC’s being of order a2Z? times the point nucleus values
whereas the decrease in the magnetic ICC’sis of order «Z times the point nucleus values.
Furthermore, we see that the effect is more pronounced for smaller L values. These
conclusions are in qualitative agreement with those obtained by Church and Wene-
ser 12),

We have seen that the effect of screening on the bound electron is negligible in
the non-relativistic approximation and that a qualitative examination of the effects
of screening on the continuum state electron shows that they should tend to increase
the ICC’s, a conclusion borne out by the results of Reitz !3). As already pointed out,
the main effect of screening.consists of a considerable lowering of the threshold
energy from its unscreened value. Thus, in making a comparison between experi-
mental and theoretical values of the ICC’s at threshold, it is preferable to classify an
element by its w value rather than by its Z value. Experiments are difficult to perform
at threshold and we know in fact only one such published value '*). This refers to
7sRr'®7 for which'') @, = 0.14 mc? = 71.7 keV. Since we know that the energy
of the emitted gamma rays is 72 keV we are thus able to deduce that the energy of the
conversion electrons is 0.3 keV. The transition involved is known to be El and the
corresponding theoretical value of the ICC is 0.67. Experiment gives a value of the
order of 2 for the ICC but the extent of possible deviations from this figure is not
quoted. Thus we see that the quantitative comparisons between experiment and theory
will have to await more extensive experimental investigations.

The author wishes to thank Dr. W. R. Johnson for suggesting this problem and
also for the many valuable comments he made throughout the course of the work.
Many enlightening discussions, pertaining to the experimental aspects of the problem,
were held with Professor J. W. Mihelich.
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