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lira F(k, E) = f dtexpiEt ([Sz(t), Sz(O) ~ 
k --* O 

=-0 

(13) 

and t h e r e f o r e  eq.(4) contains  no r e l evan t  i n f o r m a -  
t ion about gap less  modes .  

The second flaw in the proof  is  that even if one 
works  with the p r o p e r  n o n - t r i v i a l  spec t r a l  func-  
t ions  per ta in ing  to the S+(k)S - i -k)  o r  sx(k)SY(-k) 
Green function, and a r r i v e s  at a fo rmula  l ike 

double c o m m u t a t o r s  do not n e c e s s a r i l y  approach 
t he i r  k = 0 value in the limit of ze ro  k. 

Such l im i t s  a r e  only well  behaved if the Hami l -  
tonian contains  no e x c e s s i v e l y  long range f o r c e s  
[3]. 

The proof  sugges ted  by C r i s a n  is  t h e r e f o r e  
i nco r r ec t .  The use  of Green function notation 
does  not make u n n e c e s s a r y  the ana lys i s  found in 
p rev ious  p roofs  of the theorem.  

l im E(k) ocl im ([[H,S+(k,O)]S-(-k,O)]), (14) 
k - - . O  k ~ O  

and even though th i s  double commuta to r  i s  ze ro  
at k = O, a ca re fu l  ana lys i s  [2] shows that such 
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The anomalous magnetic moment of the electron is accounted for by adding a phenomenonological Pauli 
term to the Dirac equation. The resultant eigenvalues are applied to (a) the non-linear Lagrangian of the 
E-M field and (b) spontaneous pair production. 

The Di rac  equation fo r  an e l ec t ron  of m a s s  m 
with an anomalous  magnet ic  moment ,  /~ say,  in 
a constant  homogeneous  magnet ic  f ie ld  H 
(d i rec ted  along the z axis ,  say) t akes  the fo rm 
[1,2] (in our  units  t /=  c = 1 and a = e2 = 1/137) 

• a~ {a . ( P + e A ) + 7 4 m + ~ 7 4 ~ . H }  (I) 

where  the t e r m  containing ~t (the s o - c a l l e d  Paul i  
anomalous  in t e rac t ion  t e r m )  is  an addition to the 
usual  Di rac  Hamil tonian.  Since d i f ferent  va lues  
for  the ene rgy  e igenva lues  de r ived  f r o m  this  
equation appear  in the l i t e r a t u r e  [1,2], we have 
r e - d e r i v e d  the r e su l t  in a convent ional  manner ,  
and we find, in a g r e e m e n t  with ref.  2, that  the 
ene rgy  e igenva lues  E a r e  g iven by 

H (2n + ~ + 1)} ~ +~ p.H]2} ~ E:~{p + [m{ l÷~  
(2) 

where  n = 0, 1, 2, . . .  i s  the p r inc ipa l  quantum 
number ,  ~ = + I r e f e r s  to spin up and spin down, 
Pz is  the momentum of the p a r t i c l e  along the Z 
axis  and H c = m2/e  = 4.4 × 1013 gauss .  F o r  our  
pu rposes  it is  suff ic ient  to take /~ = (a /2#) / I  B 
w h e r e / I  B is  the Bohr  magneton and so we can 
wr i t e  

H (2n + ~ + I)}½ + E:±{p~  + m2[{1 + H-c 
(3) 

aI-1121½ 
+ ~ 4~ HCJ J 

Let  us  now cons ide r  appl ica t ions  of eq. (3). 
Ca) An exact  exp re s s ion  for  the non - l i nea r  

Lagrangian  of the e l ec t romagne t i c  f ie ld  has been 
de r ived  [3,4] in the case  where  /1 = 0 (i.e. neglec t  
of the anomalous  magnet ic  moment) .  Using the 
m o r e  gene ra l  e igenvalue  given by eq. (3) we have 
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d e r i v e d  an add i t iona l  n o n - l i n e a r  c o r r e c t i o n ,  L 2 
say ,  to the  L a g r a n g i a n  of t he  m a g n e t i c  f i e ld  (the 
e l e c t r i c  f i e ld  wi l l  be  c o n s i d e r e d  l a t e r )  a s  f o l l ows  
(H* ~ H/Hc) 

_ m  2 a 2  
L2 t t .2  × 

(4) 
d~ 

× J j exp(-~?){7?H*coth0?H*) - 1} 
O 

In the  w e a k  and s t r o n g  f i e ld  l i m i t s  we f ind 

m4 [ a\2  H* 4 
L 2 ~ - )  f o r H *  << 1 (5) 

~ 9 - ~ ' ~  2 

m4 
L2 =-~-~2 H .2  ln(H/Hc) fo r  H* >> 1 (6) 

(b) It wi l l  be  n o t i c e d  f r o m  eq. (3) tha t ,  f o r  
v a l u e s  Pz = 0, n = 0 and ~ = - 1, we ge t  a m i n i -  
m u m  v a l u e  fo r  IEI  g iven  by 

I E l m i n  = m{1 - (a/4~)H*} (7) 

T h u s  the  m i n i m u m  s e p a r a t i o n  b e t w e e n  p o s i t i v e  
and n e g a t i v e  e n e r g y  s t a t e s ,  A E  say ,  i s  
2m(1 - aH*/4n) and so  we can  conc lude  tha t ,  f o r  
v a l u e s  of H equa l  to 4na-lHc, the  m i n i m u m  s e -  
p a r a t i o n  i s  z e r o  and thus  spon t aneous  p a i r  p r o d -  

u c t i o n  m a y  o c c u r .  T h i s  h a s  i m p o r t a n t  a s t r o p h y s -  
i c a l  i m p l i c a t i o n s  p a r t i c u l a r l y  wi th  r e s p e c t  to the  
expand ing  u n i v e r s e  if  a p r i m o r d i a l  m a g n e t i c  f i e ld  
[5] e x i s t s .  A d e t a i l e d  expos i t i on  of the  above  
w o r k  wi l l  be  pub l i shed  e l s e w h e r e .  
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