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Recen t  m e a s u r e m e n t s  of the a s y m m e t r y  p a r a -  
m e t e r s  in Z-decay  1) show that  the we l l -known t r i -  
a n g u l a r  r e l a t i onsh ip  of C e l l - M a n n  and Rosenfe ld  
(he rea f te r  r e f e r r e d  to as  G-M-R)  2) is not  s a t i s -  
fied. Th i s  r e l a t i onsh ip  is a d i r e c t  consequence  of 
the 1Atl = ½ ru le  for  n o n - l e p t o n i c  p r o c e s s e s ,  which 
a s s u m e s  that the i n t e r ac t i on  Hami l ton i an  for  these  
p r o c e s s e s  is  of the fo rm 

yI,2 (1) Hint  = " ' -  in  ' 

where  the sub -  and s u p e r s c r i p t  r e f e r  to the th i rd  
component  of i so sp in  and total  i so sp in  r e spec t ive ly .  
In view of the f a i l u r e  of this  a s s u m p t i o n  for  the 
above p r o c e s s  (as well  as for ano ther  non - l ep ton i c  
p r o c e s s  3)) we wish to inves t iga te  he re  the effect  
of u s ing  a more  gene ra l  i n t e r a c t i o n  Hami l ton ian .  
As a f i r s t  g e n e r a l i s a i t o n  of eq. (1) we make the 
a s s u m p t i o n  that Hin  t is  of the f o r m  

g l l / 2  H = -- - t /z  ~" H 3 " / ~ / 2  " (2) 

Let us now define 

Ht/2'3/2 1Z +> N~2,3/2 = <p~O - i n  

~ / 2 ,  3/2 I Z:+ > (3) NI+/2"3/2 = <n~+ - 1 / 2  

N t n ,  3/2 = <n~- H 1/2,3/z I~ -> 
- - 1 1 2  ' 

with 

_ M r / 2  N , o  + (4) 

If we then expand the p i o n - n u c l e o n  s t a t e s  in t e r m s  
of i so sp in  s t a t e s  and apply the W i g n e r - E c k a r t  the-  
o r e m  (which in t roduces  a second se t  of C l e b s c h -  
Gordan coeff ic ients)  to the m a t r i x  e l e m e n t s  ob-  
ta ined  we find the fol lowing r e l a t i o n s  for  the Nt~o 
and N3~o: 

N ~  2 + ~ N ~  ~ - N'Y : 0 ,  (5) 

N 3/2 +~N3o/2 + 2N3./2 = 0 . (6) 

(4),  (5) and (6) we then  have  the r e l a -  F r o m  eqs.  
t ion 

N+ + J~ N O - N_ + 3 ~y2 = o .  (7) 

This  is the g e n e r a l i s a t i o n  of the G - M - R  t r i ang l e  
r e l a t ion  for  n o n - z e r o  If_ '2 The s u r p r i s i n g  f ea tu re  

- 1 / 2  " 

of the r e l a t i on  (7) is  that  of the th ree  quan t i t i e s  
N3~/~, two  of which a re  l i n e a r l y  independent ,  only 
one N3_ n , appears .  The pu rpose  of this  note is  to 
d i s c u s s  some  ways in which this  f ea tu re  of eq. (7) 
may be exploited:  
a. As a f i r s t  consequence  of eq. (7) we note that 
even if the G - M - R  n t r i ang le"  did c lose ,  this  would 
imply  a 1Atl = ½ ru le  for  the X - decay,  but not n e c -  
e s s a r i l y  for  the ~+ decays .  
b. In con t r a s t ,  the fact  that the G - M - R  " t r i ang le  u 
does not  c lose ,  i mp l i e s  that the 1Atl = ½ ru le  does 
not hold for  the E decay,  and by eq. (6) th is ,  in 
tu rn ,  i m p l i e s  that the ru le  does not hold for  at 
l e a s t  one of the two Z + decay channels .  
c. The fac tor  3 in eq. (7) shows that a r e l a h v e l y  
s m a l l  a dmi x t u r e  of I Atl = ~ to the Z decay can lead 
to a s ign i f i can t  d e p a r t u r e  f rom the G - M - R  re la t ion .  
Thus  we can expla in  the r a t h e r  l a rge  d e p a r t u r e  f rom 
that r e l a t i on  found by T r i pp  et al. 1) in t e r m s  of a 
r e l a t i ve ly  s m a l l  I A t  I = -32 admix tu re .  
d. W'~ see  i m m e d i a t e l y  f rom eq. (7) that  if N~: o a r e  

N ~  ~ ' W ,~ known e x p e r i m e n t a l l y ,  and hence _ , can be 
obtained.  As a r e s u l t  the t r i ang l e  in the S - P  p lane  
def ined by 

N _  =M_/2 +/~_/2 . 

can be cons t ruc ted .  
e. In point  of fact ,  however ,  the N+o , r ega rded  as 
v e c t o r s  in the S - P  plane ,  a re  not yet  known com-  
ple te ly .  F o r  each  of them the ove ra l l  s ign  of the 
vec to r  is  not d e t e r m i n e d ,  and for  each it i s  a lso  not  
known which of i ts  components  is  S and which P .  
Th i s  me a ns  that,  m fact,  eq. (7) l eads  to 64 p o s s i -  
b i l i t i e s  for  N3/2 , r e g a r d e d  as a vec tor  in the S - P  
p lane .  If, however ,  we r e g a r d  those N_ 3/2as 
equiva lent  which can be obta ined f rom each o ther  
by a re f lex ion  in e i t he r  of the axes ,  o r  by an i n t e r -  
change of the S and P axes these  p o s s i b i l i t i e s  may 
be reduced  to 16. Without  making  any o ther  a s s u m p -  
t ions  these  p o s s i b i l i t i e s  cannot  be f u r t h e r  reduced.  
At this  s tage ,  t he r e fo re ,  we m a k e  the  a s s u m p t i o n  
that  [/~_/z I,  t kough  no t  z e r o ,  i s  s m a l l  c o m p a r e d  to 
the IN±o[ . Only th ree  of the 16 p o s s i b l e  N 3 2's fu l -  
f i l l  this  condit ion.  They  a r e  obta ined  as follows: 
1. We take lV+ and N in the convent iona l  d i r e c -  
t m n s  1) as  shown in fig. 1, and we take the lower  
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Fig. 1. 

of the two p o s s i b i h t i e s  of T r i p p  et  al .  fo r  J2  N o. We 
ca l l  th is  ,/2 No( l ) .  (The u p p e r  ,/2 N O of T r i p p  et al .  
we ca l l  ,/2 No[2)).  In th i s  c a s e  Na=/2 is  the v e c t o r  in -  
d i c a t e d  by N~2(1) in f ig.  1. Th i s  t u r n s  out to be the 
s m a l l e s t  IN= 3/2] we can ob ta in  f r o m  the d a t a  of T r i p p .  
2. We take  N+ and N_ in the conven t iona l  d i r e c t i o n s  
(fig. 1) and take  J~ No(2) fo r  J2  Nn. In th i s  c a s e  
~_3n i s  the v e c t o r  i nd i ca t ed  by N_3n~ 2) (fig. 1). We 
s e e  tha t  I N-3/2(2) 1 i s  s l i g h t l y  l a r g e r  than IN=3/2(1) 1. 
3. We take  N÷ in the conven t iona l  dz rec t ion ,  and 
take  N in the d i r e c t i o n  shown in fig.  2. 

Fig. 2. 

F o r  J2  N O we take  J-~ No( l ) .  In th is  c a s e  N~ n i s  the 
v e c t o r  i nd i ca t ed  by N~j2(3) (fig. 2). We s e e  that  

IN=3/~(3) i s  roughly  twice  as  l a r g e  as  IN_at2(1)] and 
1N3/2(2) but  that  i t  i s  s t i l l  s m a l l  c o m p a r e d  with IN±o] 
and so th is  p o s s i b i l i t y  f o r  N= cannot  be r u l e d  out. 

F o r  each  of t h e s e  p o s s i b i l i t i e s  we have i n d i c a t e d  
the c o r r e s p o n d i n g  N ~n v e c t o r .  In c a s e s  1. and 3. i t  
zs s een  that  th i s  v e c t o r  l i e s  f a r t h e r  f r o m  the ax i s  
than  the v e c t o r  N_ i t s e l f ,  and cannot  l i e  a long  the 
ax i s  even a l lowing  fo r  the e x p e r i m e n t a l  e r r o r .  In 
t h e s e  c a s e s  i t  would s e e m  tha t  the fac t  that  N_ l i e s  
c l o s e  to the ax i s  i s  s o m e t h i n g  of an acc iden t .  In c a s e  
2 . ,  however ,  the N~/2 l i e s  qui te  c l o s e  to the a x i s ,  
and could,  in fac t ,  l ie  a long  the ax i s  wzthin the  e x p e r  
i m e n t a l  e r r o r s .  Thus  in c a s e  2. i t  zs p o s s i b l e  tha t  
the N= ~/2 i s  a p u r e  S o r  P ,  the  s m a l l  dev i a t i on  f r o m  
p u r e  S o r  P in N= be ing  due to the s m a l l  N ~  2 cor= 
r ec t i on .  Th i s  t o g e t h e r  with the fac t  that  the N is  
a l m o s t  e xa c t l y  p u r e  S o r  P s u g g e s t s  that  N~/~ 
might  a l so  be a p u r e  S o r  P ,  with N~/2 neg l ig ib l e .  
I nc iden t a l l y ,  if N~/2 is  neg l ig ib l e  then f r o m  eq. (6) 
we can d e t e r m i n e  N~/2 (and hence  c o n s t r u c t  the t r i -  
angle  wzth szde No, ~r~/2, N~/~). 

In conc lus ion  i t  might  not be out of p l a c e  to in -  
v e s h g a t e  the ef fec t  of inc lud ing  an H5_/1/2 t e r m  m 
eq. (2). F o r  the ~vsn def ined  ana logous ly  to 3. " 'O:E,  
the W i g n e r - E c k a r t  t h e o r e m  g ives  two r e l a t i o n s ,  
n a m e l y  

and the g e n e r a l i s a t i o n  of eq. (7) i s  

N+ + J2  N o - N_ + 3 N ~  2 - 2N_ s/2 = 0 .  (9) 

We note that  eq. (9) i s  a c tua l l y  the  m o s t  g e n e r a l  
e x p r e s s m n  we can  ob ta in  f o r  the  E - d e c a y s .  Th i s  i s  
b e c a u s e ,  even if the  H a m i l t o n i a n  con ta ins  t e r m s  
of the f o r m H t l n  ~ t ~  },' 3, ~, t h e s e  t e r m s  wil l  
not con t r ibu t e ,  s i n c e  

~ o = 0 ,  t ¢ ~ ,  ~, ~, (z0) 

by the add i t ion  ru l e  fo r  i s o t o p i c  spin .  
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