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We discuss a new general class of quantum distribution functions characterized by an arbitrary parameter b. The values
to the anti-standard (Kirkwood), the Wigner, and the standard distribution functions, respectively.
An analytic form of the equation of motion is derived. We conclude that, for timedependent problems involving a potential
which is a function of coordinates only, the Wigner distribution function is the optimum one to use, from a simplicity
standpoint.

b = -1, 0, 1 correspond

1. Introduction.
A phase formulation of quantum
mechanics has been extensively used in many sub-fields
of quantum physics, particularly in statistical mechanics and quantum optics [l-3].
In addition to the original distribution of Wigner [4], other common choices
are the normal [5] and the anti-normal [6] distribution functions, also the standard and the anti-standard
distribution functions [7]. A general class of distribution functions, PC say, was introduced by Cahill and
Glauber [8], and include the Wigner, normal and antinormal functions as special cases.
One of us has recently discussed the relations between these various distribution functions and, in addition, introduced a new class of generalized distribution functions [9], PG(q,
p;b)say, which includes
the anti-standard, the Wigner, and the standard distribution functions as special cases when the parameter
b assumes the values -1 , 0, +I, respectively. As demonstrated in our recent work [9], the standard distribution is equivalent to the Kirkwood distribution [lo],
and with the exception of the Wigner distribution,
the latter has been the most commonly used function
in traditional statistical mechanics *l .
We would like to address the question of whether
these are valid reasons for choosing one distribution
function as distinct from another. As we have empha-

*l For a more recent application employing the Kirkwood
function, see ref. [ 111.
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sized already [12-141 ** one criterion for deciding
on an optimum distribution is the simplicity of the
associated time dependence, which of course is of paramount interest when one is dealing with non-equilibrium situations.
The purpose of the present paper is to derive an
analytic expression for the time dependence of PG(q,
p;b).We restrict ourselves to one dimension since a
generalization to a multi-dimensional
state is straightforward.
In section 2 we discuss the parametrized distribution function PG(q,
p;b)with emphasis on how it
may be written in terms of characteristic functions.
The analytic form of its time development is derived
in section 3. Finally, in section 4 we discuss our results.
2. A new parametrized distribution function. A new
general class of quantum distribution functions has recently been introduced [9]. It is defined as follows:
P&,

P; b) = (27rT~-~

+ ~p)/fi]

X JJ da d7 exp[-i(uq
where the characteristic

function

CG(o,T;b),

(1)

C,, which is the

** In the third line from the bottom of p. 244 and in the first
line of section 4 on p. 245 of ref. [ 141, the subscript “a”
should be replaced by “n”.

9

Volume

107A, number

Fourier transform

1

PHYSICS

of PC, is given by

LETTERS

7 January

and

CG(~,7;b)= ($ lexp[-ibur/2A
+ i(ufj + @)/fi] I I)>,

PC(4, P) = P&4, P) 7

(2)
where I JI>represents the state ofthe system of interest.
We recall that the characteristic function of the
Wigner distribution function is [ 1,121

as pointed out in refs. [7] and 193.
In ref. [9] it was also shown that

C,(o,7)=(~lexp[i(uLi+~~)lhlI~),

(4)

and
CA,(o,7)=(~1exp(i7;8/n)exp(io~lli)lJ/).

(5)
theorem it

7) = Cc,(o, 7; +l)

(6)

r) = Cc(o, 7; -1).

(7)

and
c&o,

It is also clear that
&(o,

7) = CG(o, r; 0)

.U

C&o, r; b) = exp(-ibor/2fi)Cw(o,

7).

(9)

Combining eqs. (1) and (9) we obtain the differential relation between the parametrized distribution
function PG and the Wigner distribution function P, :

- AP,((I, P)

(10)

3

where
P,(4,

P) = (27@-2

X JJdu

dr exp[-i(u4

+ ~p)/fi] Cw(u,

T).

(11)

With the help of eq. (10) it is easy to see that
p;(4,

P; b) = pG(4~ ??

-b) .

(12)

Explicitly we obtain
p;T(4, P) = p,,(4,

P)

$(4)exp]ip(4’

-

(13)

4Wl dq’,
(15)

i.e. the Kirkwood [lo] and anti-standard distibution
functions are equivalent.
Finally, we emphasize that eq. (10) is a key result,
giving the relation between the new generalized distribution functionPG and the Wigner distributionP,.
It will
be used in the next section to obtain the time dependence ofPG from the time dependence ofP,. However,
we will now show how it can be used to obtain the phasespace function, FG(4, p; b) say, corresponding to an
arbitrary operator P(4,p). This is well known [ I] in
the case b = 0, corresponding to the Wigner distribution, and is chosen to ensure that (see eqs. (2.12) and
(2.13) of ref. [I]) that

(8)

and

10

= (27rfi)-l J+*(Q!)

distri-

CST(o, 7) = ($lexp(io4/fi)exp(i@/fi)l$),

By making use of the Baker-Hausdorff
follows that

(14)

p,S(4~ P) = &(4, p)

(3)

and those of the standard and the anti-standard
bution functions are [7]

C&o,

1985

d4 dp Fw(4, ~Y’w(4, P) = Tr{fiR(ci,

P)] ,

(16)

where p is the density matrix. If we now demand that
the same relation hold in the more general case where
the subscript w is replaced by G, then it follows from
integration by parts that
FG(4, p; b) = A-l&(4,

P) ,

(17)

where A is defined in eq. (10). Relations similar to
those given by eqs. (10) and (17) hold for PG and FG
except, of course, that A and A-’ are replaced by the
approximate phase-space operators, displayed explicitly in eq. (20) of ref. [ 121.
3. Time dependence of the general class of distribution functions. The time dependence of the Wigner
distribution function can be written in the following
form [4]:
(18)
the first part resulting from the kinetic energy
(fi/2m)a2/a42,
the second from the potential energy
V/iFi part of the expression for %)/at.
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Also, it has been shown that [4]
a,p,lat

= - @lm) apwia4,

(19)

i.e., the field-free case corresponds
suit . In addition,

a#$ _c (fi/2i;“-l
h

*

ahV(q)
-aq”

to the classical re-

apa

’

(20)

where the summation over h is to be extended over
all odd positive integers. Eqs. (18)-(20)
constitute
Wigner’s form for the time dependence. Other forms
have been displayed by Groenewold [ 151 and Moyal
[ 161 but, as we have noted recently, their results are
basically an abbreviated form ofwigner’s result. From
the point of view of applications, Wigner’s form is the
easiest to work with and thus we confine our attention
to it.
We would like to obtain the time dependence of
PC by making use of eqs. (IO), (18), (19) and (20).
For convenience we define
(u = iAb/2.

(21)

Thus eq. (10) can be written as follows
pw = A-lPG,

(22)

with the inverse operator
A-l

.

= exp ]+(a/atl)(a/ap)l

In analogy to eq. (18) the time dependence
can also be decomposed into two parts
aP,lat

= avpGlat

+ a,P,lat.

(23)
of PG

(24)

Noting that A is independent of time, we substitute eqs. (10) and (22) into eq. (19) to obtain the kinetic part of the time dependence of PG :
akPG/at = A(a,P,lat)

= A(-p/m)aP,/aq

= (-l/m)(ApA-lap&q).
Similarly the potential

(25)
part is

To simplify eqs. (25) and (26) further we use the
following identity, which is proved in the appendix,
AO,?J)A-~ = n..

kf(%‘)/n

!I @ - P’ + I.caiaq)n ,
(27)
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where f@) is an arbitrary function of p containing derivatives of arbitrary order at p = p’.
In the case off(p) = p, p’ can be chosen to be zero.
Only the n = 1 term contributes, hence
ApA-l

a&p,
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=p tFa/aq.

(28)

Substituting eqs. (28) and (21) into eq. (25) we get
the equation of motion in the field-free case:
a,P,lat

= (-i/m)@

t @iba/aq)aPG/aq.

(29)

Again we make use of eq. (26) but now with the
variable p replaced by q, and choose f(q) = V(“)(q)
so that

x ((7 - 4’ t $iib a/ap)naVG/aqh,

(30)

where q’ is chosen such that the potential V(q) is infinitely differentiable at q’, but otherwise arbitrary.
4. Discussion and conclusion. We discussed a new
general class of quantum distribution function PG(q,
p; b) with a parameter b = -1 . 0, 1 corresponding to the
anti-standard, the Wigner and the standard distribution
functions. The differential relation between PG(q, p; b)
and P,(q, p) was given and used to obtain an explicit
form of the time dependence of PC.
In eq. (29) if and only if b = 0 does the equation
of motion coincide with the classical one. It is a
unique property of the Wigner distribution function.
By contrast, the corresponding results for the anti-standard and standard distribution functions contain additional R terms which are not of quantum origin. We
emphasize that a similar remark applies to eq. (30).
Only for b = 0 (the Wigner case) can the double summation be replaced by the single summation appearing
in eq. (20), giving the simplest form of the time dependence. The same thing happens in the time dependence of PC, as recently pointed out [12-l 41.
We should emphasize that our considerations have
been restricted to the case of a potential which is a
function of coordinates only, whereas in the areas of
quantum optics and synergetics one often encounters
momentum-dependent
forces. On the other hand, in
the area of more traditional non-equilibrium
statistical
mechanics, this is often the more common situation.
Thus, for time-dependent
problems involving a poten11

tial V(q), we conclude that it is simpler to use the
Wigner distribution function than any other, such as
the Kirkwood, or any of the new generalized class of
functions introduced here or the generalized class of
Cahill-Glauber.
This research was partially supported by the Department of Energy under Grant No. DE-FG05-84ER4.5135.
Appendix.

proof of Identity

(Al)

where
-4 = exp[I-l(~/~4)@/~~)1

.

n

FW =

mco
CmP

,‘!m$o“!m)!
pn-m
f pm

=_

m!(n

= 0) t pa/aq)n/d.

648)

In general we expand an arbitrary f@) in power series
around p = 0:

(27). Let

-l ,

FCu) = Afti)‘4
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(442)

f03) = nFo
f(noPnl~
Thus combining

!.

(A9)

eqs. (A8) and (A9) we obtain

Hence

wf-4 -@

(Al 0)
More generally, if we expand around p = p’ instead of
p = 0 we obtain a result which corresponds to eq. (27)
of the text. Choosing p = 0, Af(p)A-l
= f(p), as it
should, which provides a simple check of the result.
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d”FO1)
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dp”
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9[d”FWldPl

Ipzo

1) .. . (n - m + l)/m!n!]pn-m(am/aqm),
(A7)

andm=O,l,...,
Finally we have

12

n.

[ 1] M. Hillery, R.F. O’Connell, M-0. Scully and E.P. Wigner,
Phys. Rep. 106 (1984) 123.
[2] V.I. Tatarskii, Sov. Phys. Usp. 26 (1983) 311.
[3] R.F. O’Connell, Found Phys. 13 (1983) 83.
[4] E.P. Wigner, Phys. Rev. 40 (1932) 749.
[5] R.J. Glauber, Phys. Rev. 131 (1963) 2766, Phys. Rev.
Lett. 10 (1963) 84;
E.C.G. Sudarshan, Phys. Rev. Lett. 10 (1963) 277.
[6] K. Husimi, Proc. Phys. Math. Sot. Japan 22 (1940) 264;
Y. Kano, J. Math. Phys. 6 (1965) 1913.
[7] G.S. Agarwal and E. Wolf, Phys. Rev. D2 (1970) 2161.
[8] K.E. Cahill and R.J. Glauber, Phys. Rev. 177 (1968)
1857, 1882.
[ 9 J R.F. O’Connell, Quantum distribution functions in nonequilibrium statistical mechanics, In: Frontiers of nonequilibrium statistical physics, eds. G.T. Moore and
M.O. ScuIIy (Plenum, New York, 1984), to be published.
[lo] J.G. Kirkwood, Phys. Rev. 44 (1933) 31 [eq. (22)].
[ 111 A. Alastuey and B. Jancovici, Physica 97A (1979) 349.
[ 121 R.F. O’Connell, L. Wang and H.A. WilIiams, Phys. Rev.
A, to be published.
[ 131 R.F. O’Connell and E.P. Wigner, Phys. Lett. 85A (1981)
121.
[ 141 R.F. O’Connell, In: Laser physics, eds. J.D. Harvey and
D.F. Walls (Springer, Berlin, 1983) p. 238.
[ 151 H.J. Groenewold, Physica 12 (1946) 405.
[ 161 J.E. MoyaI, Proc. Cambridge Philos. Sot. 45 (1949) 99.

