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Squaring equations (6) and (7) and making use of
equations (4) and (5) gives
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Removing the radicals by re-arrangement of the
terms and two further squarings we obtain the single
general result
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This result has already been obtained [2] to give null
Faraday rotation. It is now clear that equation (10) also
gives null ellipticity. However, as we shall show
explicitly below, the conditions for null 6’ and A
correspond to different solutions of equation (10).
We now use a Drude-type classical treatment, i.e.
we take

where c is the speed of light, o is the photon frequency,
y1+,n- and K +, K _ are the real and the imaginary parts,
respectively, of the complex refractive indices of the
right and the left circulary-polarized
components of the
linearly-polarized wave. These quantities, n,, K+, are
obtained from the dielectric constants, E+, as follows:
f+ = e: + if2

= (& + &)2,
where the prime and double prime denote real and
imaginary parts, respectively, It follows that:
n:
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is the plasma frequency, where m* is the effective mass
and n is the charge density.
Substituting equation (11) into equation (10) and
simplifying, gives the condition for null Faraday rotation
and null ellipticity in the form of a quintic equation,
previously obtained [2], for x = (~/a)~:
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In a previous paper [2] we have investigated the
condition for null Faraday rotation. We now wish to
investigate the condition for null ellipticity. It is clear
that null Faraday rotation and null ellipticity are
obtained whenever
n + = n-,
and
K+

where ez, which is the dielectric constant of the lattice,
is real, homogeneous and isotropic, w, = eB/m*c is the
cyclotron frequency, B is the magnetic field, and v is the
collision frequency. In addition
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respectively.
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where
24

Q = (o; + Y*)r’*.
In general, as we have already pointed out [2],
inspection of equation (13) gives the following:
f(?m)

= +=a,
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where the prime denotes differentiation
with respect
to x.
For fixed v, op and R, equation (13) has, for
x = (o/Q)*, two complex roots, one negative root in the
interval (- 1 , 0),and two positive roots, one in each of
the intervals (OJ) and (1, -).
Our previous paper [2] dealt only with the larger
positive root with the following conclusions:
(1) Only the larger positive root gives 0 = 0 when
inserted into equation (I),
(2) By inspecting equations (14)-( 1S), the desired
root for 0 = 0 always occurs for 0 > a (or x > I),
(3) For up/Q Q 1 ;x = 1 + (wi/2Q2), so that
0 = 0 when w = Q[ 1 + (0~/4~*)] x 52,
(4) For wp/Q %=1: x * $(o,/s2)*, so that 0 = 0
when w = 0.8660, > a.
By inspection of equations (8) and (9) we see that
equations (6) and (7) are not satisfied simultaneously,
since this would imply that E: = E!. which can only
occur [2] for w = a (or x = l), contradicting equation
(16). Thus we expect the smaller positive root of
equation (13) to give null ellipticity. This expectation
has been borne out by a detailed and exact numerical
investigation.
The results corresponding to the smaller positive
root of equation (13) are as follows:
(1) Only the smaller positive root gives A = 0 when
inserted into equation (2)
(2) By inspecting equations (14)-( 18) the desired
root for A = 0 always occurs for 0 < w < s2 (or
O<x<l),
(3) For w,/Q < 1: x = b(w,/CL)*, so that A = 0
when w = iw, Q s2,
(4) For w,/R 5 1: Consider the two functions
y = f(x, wp) and y = f(x, wb) for wp f wb # 0.
Using equation (13) we deduce that the intersection
points of these curves are given by the real solutions of
g(x) = 3x“ + 8[2(v/fi)*-

11x3 + 6x2 - 1 = 0.

(19)
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Fig. 1. Plot of f(x) vs x for (w,/R) = (3/5), (u/a) =
(4/5) and for (w,/s2) values as indicated on the curves.
Note that this is independent of both wp and wk.
Hence, for all values of w,, the curves y = f(x, wp),
given by equation (13) intersect at the real solutions
of equation (19).
The discriminant, D, of g(x) is given by
D = -- 691 ~(v/Q)~[ 1 - (v/a)*]” < 0,

(20)

since 0 < (v/Q* < 1. Therefore, equation (19) has two
complex roots and hence two real roots.
For the sake of completeness, we give the exact
solution for the two real roots of equation (19):
x = +{- [a - (a* + 9b - 3)“‘]
f [[a - (a’ + 9b - 3)“*]*
- 3[1 + 6b - 2(4b* + 3b + 1)“2]]1’2}

(21)

where
a = 2[2(v/s2)2-

11,

and
b = j{4(u/n)‘[

1 - (~/fl)“]}““.

Inspection of equation (21) shows that equation
(19) has one positive root and one negative root.
If the smaller positive root of equation (13), corresponding to A = 0, is denoted by h(u, Sl, w,), it is easy
to show that equation (21) may be written as
x=

lim h(u, R, wp)
wp in+==

(22)

Thus, equation (21) gives a strict upper bound for the
smaller positive root of equation (13). In Fig. 1 we
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Table I. Values of o/a for which null ellipticity is
obtained, for various values of w,, v and w,,
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x
x
x
x
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IO-’
10-l
10-r

lo-*
10-r
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5.000035
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6.482 656
6.503 503
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present typical plots of f(x) vs x. Table 1 is a list of
values of (w/Q), for which null ellipticity is achieved,
for various values of v, a and c+,.
In conclusion, the photon frequencies for which the
null Faraday rotation and the null ellipticity conditions
are satisfied are always distinct but fundamentally
related by being solutions of equation (10).
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