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Cleneralized solulions to the eguations for & masaless free Geld with arbitrary spin are written down,
Ik is shown that they lesd immeliately Lo generalizationg of all the vsual conservation luws,

INTRODUCTION

N]I}W eonservation laws for the electromagnetic
field have been discovered recently by Lipkin.'
Morgan® has shown Lipkin's eonserved third-rank
tensor i3 a special case of a generalized enevpy—
momentum tensor density. The procedurs adopted
by Maorgan was to construct a generalized lensor by
analogy with the usual expression for the conven-
tional T,.. He then showed that the generalized
tensor was divergenece-free, Wa will show instead
that a possibly more basie concepl is the econsidera-
tion of generalized solutions to the usual field equu-
tions. This immediately leads to generalized con-
servakion Iaws, We will then demonstrate how the
eonserved gquantitios of Lipkin and Morgan may be
simply obtained as particular cases of our general
formalizm, Purthermore, o addition to the con-
served energy-momentim tensor and current dis-
plaved by Morgan, we will show that other gener-
alized sonserved quandities may be obtained becanse
e procedure admits a generalization of all the usual
conserved quantitics,

GENERALIZED SOLUTIONS AND GENERALIZED
CONSERVATION LAWS

The equation of a massless free leld moay e weit-
Lo down in the formalizsm of Pauli-Fiers® or Tlam-
mer-Good .t For our purpose it is more convenient
to use the method of the Iatter authors who show
that the wave equation may he written in ihe form”
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where § 18 the angular momentum matrix for arbi-
trary spin 8 = 4, L, 4 -~ and ¢ isa (28 + 1)
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wompement spinor. As an suxibary condition, the
only solutions retained are those which satisfy the
Bargmann-Wigner® criteria of having their spins
parallel or antiparallel to the momentum, Good,’
tor example, explicitly shows that Maxwell's equa-
tiong may be written in this form,

Consider any general operator Vo so selected that
Fiix) is a peneralized solution of T, (1), Thus, we
ean write
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aid where ¥°oand V' oare so selected that ¢ and
¢ satiafy Fg. (1)

Giood” has shown o all the usual conservatdion
laws gan be derived quite simply from [, (13 with-
nut using Laprangian’s or Moelher’s Theorem, He
eonsiders infinitesimal  teansformations of eoordi-
nates’

s i S ol -
and the eorresponding translormations of the wave-
funetion
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He then iontrodaees: a general operator O defined by

i (E) = Odlx).
This enables him to deduce the conservation laws
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ETn prder fo avold confusion with our already dedined
single-prime gquantilies, we use briple primes heee nstead
of the gingle primes used by Good,
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GUNERALIZFED CONSERYATION

o WS90 + 5,00 = 0. )
Corresponding to thie various coordinate transforma-
tionz of displacement, rotation, ete, CGood obtaing
appropriste expressions for € The various operators
{} when substituted Into Hi. (5) give rise to the usual
conservation lopws of enercy-momentum, angular
momentum, and so on.,

Instead of eonsidering Foq. (1) as Good did, we
will conzider Fas. (2) and (3), This enables us to
deduce a generolization of Good's conservation laws.
We ablain
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which eonstitute our generalized conservation lows,
We notice that the usual conservation livws contain
only ¢ whereas our generalized conservation laws
contain both F and ¢

As an example, we will diseuss in detail the gen-
eralization of the energy—momentum tensor T, for
the electro-maenetio field, The seneralization eon-
siste of replacing ¥ and 5 by &0 and H(Y) Thus,
Maoxwell's equations for the free electromacnetic
field in vacuum may be written
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(a/az)E: =0, (Ve)
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and we have aosimilar set with the primes replaced
by double primes. Associated with 12 0 generalized
antisymmetric field tensor F), and a generalized
potential A’ defined by

1}’; = 'i[j_‘ ah.lai:v + ‘}Eim}F:ur {E‘H’}
and
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and we have similar quantities with the primes re-
placed by double primes, This immediately enables
us to construct’ o conserved energy—-momentum
tensar T, given by

T = —HFLFL + FIEFI*, {9

* For details of this eonsteoclion, sce for example, J. L.
Hynge, Relotivity: The Special Theory (North-l Tolland Pub-
Tiahing Company, Amaterdam, 1056), po 823,
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where £0% 35 the dual of F L. In the particular case of

VI= 85 0a, oo Buyi V' =8y 85 oo G5, (10)

we ser that 7', is identical with Morgan's conserved
tensor Tu, ety eepee We wish fo emphasize two
points. irst of all, Morgan's tensor is a particular
case of our general T.., as given by Eg.o (9.
secondly, Morgan proceeded by initislly postulating
4 4nseematienps and then showing that it s con-
served while our approach emphagizes the basic
concept of generalized solutions to the field equa-
tions. From this coneept a conserved ¥, follows
immediately in a similar manner to the derivation of
the usual T, from the field equations with the wsual
solutions,

Muorgan has shown that Lipkin's thivd-order tensor
is a particular ease of ... 05 bub it will be
instruetive to derive Lipkin's results explicitly by our
method, To do this it will be convenient to rowrite
Tge (7) in veetor notation,

V xE’ = —gH'/at, (11a)
v xH' = gE'/at, (11h}
V-E' = 0, (11¢)
V-H = (. (11d)

In the usual case we derive a conserved tensor T,
which, when written in eomponent form, expresses
the laws of conservation of energy density and mo-
mentum density. These laws are more readily iden-
tifiable when ihe components of T, are expressed
in terms of field quantities. The generalizations of
these equations are easily shown to be

(0/a0) (/B + H'-HY|

+ V-1E «H") 4 (E" xHY] = 0, ()
and
(g/a){(E' xH") ++ (E” xH")},
+ a/dz [ (E"-E" 4 H'-H") &,
— (BB} ++ HiHY) = 0, (13}

In the process of deriving Fq, (12}, if we display
components of the flelds, we ean obtain the result
(afati{ims o I}
= [[E(V xH"), — Hi{(V xE");]
+ (BT xHY), — (T xEY]). (14)

We obtain two further equations from g, (14) by
first replacing B and H" by (¥ =E") and (V xH'),
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respectively, and second by replacing £ and H" by
(¥ xE") and (¥ xH"), respectively. Adding these
two equations together, and using the wave equation,
leads to the conservation lyw:

(/2 [(((V =E").BY + (V xH")H{]
+ [EAV xE"); + HI{T xH),]) + (i e )}
+ (@/0c){[(BIH — HIE},)

+ (EYH e — HYEL D] 4 (e Dl =0 (15)
We now set
E.‘ = (vxv ki v >':)ﬂlli:u-ﬂrl E| Elﬁﬂ'}
dndd
Il = {vxv xei vx}niimMH: ":lﬁh;l

and, in 4 similar manner, define B and & which
are the same as the single primed quantities except
that an index m replaces n.

We will now show that Lipkin's results are partic-
ular cases of the ahove, For ease in comparison we
use Lipkin's definition of 2" [as given hy his Ena,

(17)-(22)}.
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Selting n = Oand m = 1 in Bq. (12), we obtain
(8062 + (3/0z)2" = 0; (17)

setting #n = Dand m = 1in Tq. (13}, we obiain
(8/90)2™° 4 (8/82)2""* = 0; (18)

sebling = = m = () in Iiq. (15), and making use of
Fg. (17}, we obtain

(/802" + (3/om )2 = 0; (19)

Eqs. (17)-(19) eonstitute all of Lipkins conserved
quantilies.

In summary, we have shown that generalized
solutions of the usual wave equations are possibly
a more fundamental coneept than sencralized eon-
servation laws and that the latter readily follow
onee we have established the existence of the former,

Note Added in Preof. In subsequent publica-
tiona"" we demenstrated the existence of general-
ized conservation laws for free fields with mase, and
examined the physical interpretation of theso con-
servation laws.
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