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Pair of oscillators interacting with a common heat bath
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Here the problem considered is that of a pair of oscillators coupled to a common heat bath. Many, if not
most, discussions of a single operator coupled to a bath have used the independent oscillator model of the bath.
However, that model has no notion of separation, so the question of phenomena when the oscillators are near
one another compared with when they are widely separated cannot be addressed. Here the Lamb model of an
oscillator attached to a stretched string is generalized to illustrate some of these questions. The coupled Langevin
equations for a pair of oscillators attached to the string at different points are derived and their limits for large and
small separations obtained. Finally, as an illustration of a different phenomenon, the fluctuation force between a
pair of masses attached to the string is calculated, with closed-form expressions for the force at small and large
separations.
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Many, if not most, discussions of a quantum oscillator
interacting with a quantum heat bath have been based on the
independent oscillator mode of the bath. A major advantage
of this model is that it can be shown to be equivalent with
the most general linear passive bath, even one coupled to multi-
ple degrees of freedom [1,2]. However, an attempt to construct
such a model to describe two separated oscillators does not
lead to results of interest, essentially because the independent
oscillator model does not lend itself to the notion of physical
separation. However, the Lamb model of an oscillator attached
to a stretched string does have the notion of position: a pair
of oscillators can be attached to separated points on the string.
This model was introduced by Horace Lamb in 1900 [3] in or-
der to better understand radiation reaction in electrodynamics.
Later it was shown by Lewis and Thomas [4] that the Lamb
model is a special case of the independent oscillator model.
Thus we have an independent oscillator model (the oscillators
are the normal mode oscillators of the string) in which the
notion of separation is obvious. Our aim in this paper is to
describe some of the interesting physics that arises when a pair
of oscillators are attached to separated points on the string.

We begin by defining the model and using it to obtain
a pair of coupled quantum Langevin equations describing
the motion of the pair of oscillators. The procedure here is
a straightforward generalization of that used to obtain the
equation for a single oscillator attached to the string [1]. The
results, however, show some striking phenomena: interaction
of the oscillators produced by waves in the string propagating
from one to the other, correlation of the random forces acting
on each oscillator. We then show how simple descriptions of
the motion arise in the limits of large and small separations.

As an example of a different phenomenon, we then turn to
a calculation of the fluctuation force acting between a pair of
masses attached to the string. This force is a one-dimensional
analog of the London–van der Waals force between molecules
or the Casimir force between parallel plates. As in those cases,
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we find simple expressions for the force at small and large
separations.

The Lamb model for a pair of oscillators coupled to points
on a stretched string is described by the Lagrangian:
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where u(y) is the string displacement. The mass per unit length
of the string is σ and the tension is τ . Note that the string is
stretched along the y axis and the oscillator displacements are
along the x axis, perpendicular to the string. Note also that
there is no interaction term in the Lagrangian; instead, for a
pair of oscillators one imposes the constraints

x1(t) = u(y1,t), x2(t) = u(y2,t), (2)

where y1 and y2 are the positions of the oscillators along the
string. The equations of motion of the oscillators are

m1ẍ1 + K1x1 = f1(t),
(3)

m2ẍ2 + K2x2 = f2(t),

where f1(t) and f2(t) are the constraint forces exerted by
the string on the individual oscillators. The field equation
of motion for the string becomes the inhomogeneous wave
equation:

∂2u

∂t2
− c2 ∂2u

∂y2
= −f1(t)

σ
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σ
δ(y − y2), (4)

where c = √
τ/σ is the wave velocity. The retarded solution

of this equation is
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where uh(y,t) is the operator solution of the homogeneous
equation corresponding to the free motion of the string in the
absence of the oscillators, and

ζ = 2σc = 2
√

στ (6)

is the friction constant. Differentiating with respect to t , we
find
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c

)
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Putting first y = y1 and then y = y2, we find using the
constraints (2) that we can write

f1 (t) + f2 (tR) = −ζ ẋ1 (t) + F1 (t) ,
(8)

f1 (tR) + f2 (t) = −ζ ẋ2 (t) + F2 (t) ,

where tR is the retarded time,

tR = t − |y1 − y2|
c

, (9)

while F1(t) and F2(t) are fluctuating forces,

F1(t) = ζ
∂uh(y1,t)

∂t
, F2(t) = ζ

∂uh(y2,t)

∂t
. (10)

We can solve the equations (8) to find explicit expressions for
f1(t) and f2(t), but it is simpler to form the Fourier transforms
to get [remember tR is given by (9)](
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If we form the Fourier transform of the equations of motion
(3) we get(−m1ω
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Eliminating the Fourier transform of the constraint forces
between these two equations, we can write

(
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The susceptibility matrix is therefore
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The quantum Langevin equations are

m1ẍ1(t) + ζ ẋ1(t) + K1x1(t) + m2ẍ2(tR) + K2x2(tR) = F1(t),
(15)

m2ẍ2(t) + ζ ẋ2(t) + K2x2(t) + m1ẍ1(tR) + K1x1(tR) = F2(t).

The form of these equations makes it clear that, at time t , there is an interaction between x1 = u(y1) and x2 = u(y2). In particular,
we note that when there is an effect at y1 due to the heat bath that it does not effect y2 until a later time |y1 − y2|/c.

To get explicit expressions for the force correlations, we recall the well-known expression for the operator displacement of a
string of length L [5]:
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where ω = c |k| and k = 2πn
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with n = 0, ± 1, ± 2, . . . In equilibrium at temperature T ,
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With this in the expressions (10) for the fluctuating forces, we find (in the limit L → ∞) the correlations
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Here we should note in the explicit expressions that
d coth (x) /dx = 2δ(x)−csch2(x) [6,7].

With these expressions for the correlations, we see from the
Langevin equations (15) that, for large separations and times
short compared with |y1 − y2| /c, the retarded time (6) is in
the distant past and the equations become decoupled. Each
equation becomes a Langevin equation for a single oscillator
interacting with the bath. There can still be correlation between
the oscillators, for example, they can be in an entangled state,
but there are no bath-induced correlations.

In the case where the oscillators are identical, that is, m1 =
m2 = m and K1 = K2 = K , by adding and subtracting the two
Langevin equations (15) and introducing the variables:

X = x1 + x2

2
, x = x1 − x2, (19)

we obtain the separate equations [8]

mẌ (t) + ζ Ẋ (t) + KX (t) + mẌ (tR) + KX (tR)

= F1 (t) + F2 (t)

2
, (20)

mẍ (t) + ζ ẋ (t) + Kx (t) − mẍ (tR) − Kx (tR)

= F1 (t) − F2 (t) . (21)

Moreover, for very small separations, it is important
to note that all three of the correlations (18) of the
fluctuation forces are the same; there is only one fluctuation
force. Therefore Eq. (20) becomes exactly the Langevin
equation for a single oscillator whose mass is the
sum of the masses and with a spring constant equal to
the sum of the spring constants. It is also important to note
that the friction constant and fluctuation force are those for
a single oscillator, showing that the coupling to the bath does
not depend on the particle properties, as first pointed out in [1].

We now turn to a calculation of the fluctuation force
between two masses attached to a string. In order to calculate
the stress between the two masses, we must first obtain
the solution of the equation of motion of the string u (y,t)
corresponding to an external force f (y,t), in the form of an
integral involving the Green function G

(
y,y ′; t

)
. We then

solve for the Fourier transform of the Green function at
points between the two masses, which will involve reflection
coefficients r1 at y1 and r2 at y2. Next, the stress at a point
between the two masses is calculated in terms of space and
time derivatives of the solution of the equations of motion,
which leads to an expression in terms of the spatial correlation
function, which in turn is evaluated by means of the fluctuation-
dissipation theorem in terms of the Green function.

Thus we start with two equal masses m attached to the
string, one at y1 the other at y2. The Green function is used
to express the solution of the equation of motion of the string
corresponding to an external force f (y,t) in the form

u(y,t) =
∫ t

−∞
dt ′

∫ ∞

−∞
dy ′G(y,y ′ : t − t ′)f (y,′,t ′). (22)

Clearly the Green function G
(
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)
that vanishes for nega-

tive times corresponds to an external force δ
(
y − y ′) δ(t). For

a source point y ′ and field point y, both in the interval between
the two masses, the Fourier transform of the Green function is
a solution of the inhomogeneous Helmholtz equation:
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+ ω2

c2
G̃(y,y ′; ω) = − 1

τ
δ(y − y ′). (23)

Still in the region between the pair of masses (y2 < y,y ′ < y1),
the Green function for y > y ′ has the form of a plane wave
reflecting off the mass at y1, while for y < y ′ it has the form of
a plane wave reflecting off the mass at y2. In addition, to satisfy
the inhomogeneous equation, G̃(y,y ′; ω) must be continuous
and have a jump of −1/τ in its derivative at y = y ′. It follows
that
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⎩
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where r1 and r2 are the reflection coefficients at y1 and y2,
respectively. Note that the Green function is symmetric under
the interchange of y and y ′: G̃(y ′,y; ω) = G̃(y,y ′; ω).

Next, we note that the mean of the stress T at a point
between the masses is equal to the mean of the energy density:
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where

C(y,y ′; t − t ′) = 1
2 〈u(y,t)u(y ′,t ′) + u(y ′,t ′)y(x,t)〉 (26)

is the correlation function of the string displacement (only
t − t ′ appears because of time translation invariance). The
fluctuation-dissipation theorem relates this correlation func-
tion to the Green function:
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Thus using Eq. (24) for the Green function we get
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We interpret the fluctuation force between the masses as
the difference between the stress in the presence of the
attached masses and the free space stress (r1 = r2 = 0). That
is,

F = 〈T 〉 − 〈T 〉0
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To proceed we must determine the reflection coefficients.
To do so we consider scattering by a single mass at y = 0, for
which the scattering wave is of the form

u (y,t) = e−iωt

{
eiky + re−iky, y < 0

teiky, y > 0
(31)

where r and t are the reflection and transmission coefficients,
while k = ω/c. At y = 0 we must require continuity ([u] =
0) and a jump in the derivative corresponding to the force
exerted by the mass ([τ∂u/∂y] = −mω2u) The result is a pair
of equations for the determination of r and t . Their solution
is

t = ζ

ζ − imω
, r = imω

ζ − imω
, (32)

where ζ is given in Eq. (18). Therefore, since the masses are
assumed identical, in the expression (30) for the fluctuation
force we set r1 = r2 = r , given by the above expression, to get
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In the integral appearing here, the only singularities of the
integrand in the upper half plane are poles of the hyperbolic
cotangent at ω = in
,n = 1,2, . . . , where


 = 2πkBT

�
(34)

is the Matsubara frequency. Therefore, we can deform the
contour of integration into the upper half plane, picking up the

contribution of these poles, and write
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In the low temperature limit 
 → 0 and we can replace the
sum by an integral to write
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(36)
This is the result for the fluctuation force at zero temperature.
In the limits of large and small separation the integrals are
standard, and we obtain:
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The result for small separation is the analog for our system of
the London formula [9] for the force between neutral atoms,
and the large separation result is the analog of the Casimir-
Polder[10] formula.

Our aim has been to show that there is a rich variety of
phenomena associated with the problem of a pair of oscillators
coupled to a common heat bath. In particular, it brought up the
question of how the independent oscillator (IO) model could be
applied to a two-particle problem. We note that the generic IO
model is just a collection of oscillators without any notion of
position, but here we must have a model of the bath for which
there is a clear notion of the separation of the oscillators. For
this reason we chose to discuss the simple Lamb model of a
stretched string (recalling that the Lamb model for one particle
is just a special case of the IO model). Another obvious model
would be the blackbody bath. Indeed, the Lamb model is some-
times called scalar electrodynamics, and our calculation of the
force between a pair of masses attached to the string is a toy ex-
ample of the Lifshitz calculation of the Casimir force between
two plates. Finally, our calculation makes clear that the cor-
responding calculation for the interaction between two qubits
will be even more complex so that a theoretical analysis of a
multiqubit configuration (which is a fundamental scenario in
quantum information systems) will be especially challenging.
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