Chapter 8

Free Harmonic Oscillations

(Driven oscillators will be discussed in chapter 9)

Version 5 Complete. Contains a problem set.
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These notes are intended to be a study aid for the course but not a polished set of
notes. I ask the class to please bring typos, errors, gaps in pedagogy etc. to my attention.
I will update these notes occasionally. You may wish to use these as a starting point to

create your own Latex notes.

8.1 TUniversality of simple harmonic motion

A conservative system in stable equilibrium has zero net force on it. Hence the potential

energy function has a zero derivative in the relevant dynamical variable ¢. In a Taylor



expansion

dU € J2U
u) = U0)+&—= 5
df f:O 2 df 620
_ & U
U -v0) = 5G|

If we consider only small oscillations, we can ignore higher powers in £. Calculate the

force in the ¢ direction

0 0 & d*U
Fe=—=2(U() -U0) = -5 =7
0¢ o0& 2 de? ¢=0
d*U
dé? £=0
Dropping higher terms, this is Hook’s law
Fe = —k€
2
k= —2]
d¢ £=0
1 d*U

Ui = U(0)+§@
UE) = e

where we fixed the irrelevant constant in the potential to be zero.

8.2 Hook’s Law — Simple Harmonic Oscillator

Equation of motion

F = ma
—kx = mz¥
.k
t+—x = 0
m
T —I—wg:c = 0



This is a linear homogeneous 2nd order equation with constant coefficients. Try

at

r = e
& = ae¥
o aQeat
Plug in
. 2 _
TH+wyz = 0
2 2\ at
(a” +wi)e™ = 0
Therefore
a = “iw
Hence the solutions are
:E+ — e+int
T — e—int

Linear combinations are also solutions

T, = (e"'“”ot + e_“”ot) = cos wyt

N[ — ol =

jwot —iwgt .
Ty = (e"’“"o —e “"0) = sin wot

We can write a general solution as a combination of these as follows

r = Asin(wet — )
= A(sinwgt cos 6 — coswgt sind)

= [Acos ] sinwgt + [— A sin 6] cos wot

where the two quantities in brackets are the integration constants, i.e. independent am-

plitudes for each of the two solutions.



We could also have written a general solution as a different combination, defining

different integration constants.

r = Acos(wet — ¢)
= A(coswpl cos ¢ + sinwpt sin ¢)

= [Acos ¢] coswot + [Asin ¢] sin wgt

8.2.1 Energy

E = T+U
1 1
E = §m$2 —|— §]€.172
1 1
= §mi2 + §mw3:172
1

Plug in the general solution

r = Asin(wet —9)

& = Awcos(wot — )

1
E = §mA2 (wg cos?(wot — &) + w sin’(wot — (5))
1
= §mng2 (COSQ(wot — &) + sin®(wot — 5))
1

= §mw3A2
1

= —kA?
2

As expected this is constant in time.



In addition to angular frequency wy we also talk about frequency vy , and the period

k
Wy = —_—
Vm

70-

wo
Vg = -—
27
1 27
TO = _— = —
Yo wWo

1

Both wy and vg have units sec™. However only vy has the substitute units of Hertz.

Radio stations have frequencies measured in Hz and that is the number of "cycles per

second”, not number of "radians per second”.

8.3 Oscillator in two dimensions

Consider two oscillators with the same mass and same spring constant. A pendulum with

small amplitude suspended by a wire is an example
itwiz = 0
j+wiy = 0
Solution:
z(t) = Acos(wet — )
y(t) = Bcos(wt - B)
Find the trajectory by eliminating time
y(t) = Beos({wl —a} +{a—p})
— Bleos{wot — a} cos{a — B} — sinfwot — a} sinfa — B}
= Blcos{wot — a} cos § — sin{wot — a} sin ¢]
z(t) = Acos(wol — )
where 6 = a — 3.

= cos{wot — a} cos § — sin{wot — a}sind

y
B



= cos(wot — )

2
= %COS(S— 1—(%) sin 0

So RSN

Working on the last equation’

2
%—%COS(S = — 1—(%) sin 6
Y\ 2 2 2\ 2
<§) —2——COS(5+< ) cos’§ = sin?é— <Z) sin?§
2N 2
<%) —ZEZcosé—l— (A) (Cos 5—|—sin25) = sin%é

Which brings us to the final form
5) —2(5) (et (3) = o
(B) 2 5 1 cos 6 + 1 = sin“d

n* —2coséné+ € = sin?é

This equation is important in its own right independent of this particular problem. The
LHS is a quadratic form. This just means that the expression is homogeneous in ¢ and 5
with the power = 2

8.3.1 quadratic forms

It is always possible to find a rotated set of axes such that in the new variables and cross

term vanishes. The rotation is represented by an orthogonal transformation.

1 —cos o
52—2(:035775—}—772 = (& m) ( )(5)
—cosd 1 n

The orthogonal transformation can be written

¢ B cos) —sind &
n N sinf  cos# n'

Consider



—sinf cosé

(& n) & ) ( cos 0 sin&)

Pull this together

(& n) 1 —cosé 13 _
—cosé 1 n

& 7 cosf sinf 1 —cos 6 cosf) —sind & B
—sinfl cosf —cosd 1 sinfl cosé n'

& 1 —2cosésinfcosf  — cosd(cos®  — sin? 0) &

— cos 6(cos* § — sin? 6) 1+2cosdsinfcosd n'

& 7 1 —cosésin(20) — cos 6 cos(26) &
—cos 6 cos(20) 1+ cosdsin(26) n'

& 7 1 —cosé 0 ¢
0 1+ cosé n'

where in the last line we chose § = /4 in order to make the off-diagonal terms zero. In

1 —cosd
52—2(’,055775—{—772 = (& m ( )(é)
—cosé n
_ & n) [ 1—cosé
0 14+ cosé

= (1 —cos 5)5’2 + (1 + cos (5)7]/2

suminary

Back to the original oscillator problem

(1 — cos (5)5’2 + (1 + cos 5)77’2 = sin?é

1 —cosé 14 cosé .
(=) e () e

We recognize this as the equation for an ellipse with principal axes along the primed
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directions, where we have defined the primed variables 2, y" in the analogous way

ZU/ — Afl

y/ — BU/

8.4 Phase space for a single oscillator

[ will return to this later as needed. Skip this section for now.

8.5 Damped oscillations

We have treated a damping term in which the force is proportional to the velocity. We

consider the same force here
mi = —kx—bzx

Recall that this force is dissapative, mechanical energy is not conserved. For the oscillator

we interpret this as a transfer of kinetic energy to heat.

mi+br+kr = 0

b k
i—|—22—:b—|——:r: = 0

m m

jé—}—Qﬂfc—{—ng = 0

where 8 = b/2m.

8.5.1 More on Linear Equations

Lets approach the solution of this equation the same way as the case in which the damping

was absent.



i—l—lZﬁi:—l—wg:c = 0
(a2—|—2ﬂa—|—w3)x = 0

Therefore

N RV
a = —fB+i/Jwi— 32

underdamping: Lets first consider the most familiar case in which the damping is
small, in particular 3% < w?. The roots come in complex conjugate pairs. There are still

oscillations and damping is a small effect.
T4 e—ﬁte-m /w2 — B2t
e e_ﬁte_i‘ Jwi — Bt

Notice that the frequency of the oscillations is affected by the damping; it is smaller.

Define the new frequency

wf = Wg—ﬁQ

Linear combinations are also solutions

1 . .
T, = e_ﬁt_— (e"“wlt + e_“”lt) = e P coswt
2
1 . . .
Ty = e_ﬁtQ—, (e‘H‘”lt — e_“”lt) = e P sinwgt
?

We can write a general solution as a combination of these as follows
x = Ae P sin(wit — 6)
= Ae‘ﬁt(sinwltCOS(S — coswytsind)

= [Acoséle ™ sinwit + [—Asin é]e ™ cos wyt



where the two quantities in brackets are the integration constants, i.e. independent am-

plitudes for each of the two solutions.

We could also have written a general solution as a different combination, defining

different integration constants.

x = Ae " cos(wit — @)
= Ae P (coswit cos ¢ + e Pl sinw;tsin @)

= [Acos ¢le P coswit 4 [Asin ¢le ™ sinw;t

Hence the presence of damping gives the intuitive result of an exponentially dying
envelope for the oscillations and less intuitive, the damping decreases the frequency. There
are an infinite number of oscillations in the time interval [0, o]

2

overdamping: In this case, the damping term dominates, 3% > w?. There are two

real roots.

2
J— e_ﬁte+‘/ﬁ2_wot
— e—ﬁte—\/ﬁtwgt

Ty
o = )
R

Look carefully at the signs and convince yourself that both solutions are exponentially

damped. They have different damping constants

Be = B+/B—uf
e

Take a linear combination of solutions
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Express the amplitudes in terms of the initial conditions

$(0) = A+ —|— A_

#(0) = —BAs—BA-

Multiply (0) by £+ and add to the z(0)

Bra(0) = ByAtp+BA-
H0) = —BiAs - BA
Bea(0) +3(0) = (B — )A_

By(0) + 2(0)
By — B-

B_z(0) + z(0)

A, = —
" By — B-

B-z(0) + :'E(O)e—ﬁ_g 4 B+x(0) + fh(o)e—ﬁ_t
By — B- By — B-

Can this oscillate? Sort of. But only once. It can have at most one zero. Lets look for

x(t) = —

this circumstance. Two exponential curves cross only at one point. Hence if we give them

opposite sign amplitudes then they will add to zero only at one point. Choose

#(0) = ax(0)
Then
o = and_Bte s ﬁ++a€_5_t}
) (O){ 55 TE 5
.1?(0) —B4+t -Gt
= T—F {~(B-+ a)e ™" + (B + a)e "}

Since the _ solution, the second one, dies more slowly than the 3, one we will have one

zero if the first coefficient, —(/_ 4 «), is the opposite sign of the second one, 34 + «, and
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is larger: f_ + a > B4+ 4+ a. There is an interval in alpha for which this occurs which I

will show in class with a graph.

This importance here is that even though this is “overdamped”, contrary to intuition

by choosing the right initial conditions, it can still oscillate — but only once.

Finally we would like to note that one can tune the initial conditions to kill the £_

solution. For the special value

ﬁ++a=ﬁ++%=0

If and only if we tune these coeficients this way will the large ¢ behavior be given by the

faster damped solution ;.

critical damping: This is the case in which the two linearly independent solutions
become the same. Of course that means that we must be more careful in finding two

linearly independent solutions. Lets do it by working with the overdamped solutions

e <ﬁ+ v ﬁz_wg)t — O+t

$+ =
r_ = e_<ﬁ_ Y g —wo)t = e_ﬁ—t
Write
B, = B +Ap
Consider the solution
e~ P+t _ =Pt
X(t) =
W= 55
e (oman) i
N ApB_
e~ B-tg—AB—t _ Bt
n ApB_

Expand the numerator to first order in AB_ and then let Ag_ — 0

e Pl — AB_t) — e P!

X(t) N3
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e -t — Ap_te Pt — =Bt

Ap_
B —ApB_te P!
B AB_
= te= P

Summary when two roots come together, it we take the difference between the solutions
and divide by the difference in the roots and take the limit at the roots come together.
The second solution is the limit of one of the original solutions (either one since they

become identical).

We have shown that the two linear solutions can be written for the case of 3 — wyq

The general solution is

z(t) = Ae™Pt L Bte P

= (A+ Bt)e_ﬁt

If A and B have opposite signs, then there will be one zero in the solution.

8.6 Problem Set

Due in class Friday, April 12

1. Marion and Thornton: 3-1
2. Marion and Thornton: 3-2

3. Marion and Thornton: 3-3
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4. Marion and Thornton: 3-6

5. Marion and Thornton: 3-11

6. Marion and Thornton: 3-12
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